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COMBINATORIAL PROOFS OF SOME ENUMERATION IDENTITIES 


A. K. AGARWAL 


Department of Mathematics, The Pennsylvania State University, Mont Alto Campus 
Mont Alto, PA 17237 U.S.A. 


(Received 8 April 1987) 


We give a combinatorial proof of the following : 


Theorem—The number of compositions of 1 is the same as the number 
of self-conjugate partitions with largest part equal to n. 


Corollary—The number of n-reflected lattice paths equal twice the num- 
ber of compositions of n. Some other enumeration identities are also proved. 
1. INTRODUCTION 


It is easily verified that the number of self-conjugate partitions of m with largest 
equal to m is the coefficient of t” q” in 


te m 
eee (l= NETO (Lee tgt™). < 


Hence the generating function for all self-conjugate partitions with largest part equal 
to m is what we get when we set g = 1: 


co 
tm ud 1—t 
SS aq—ry= 1-2: 
m=0 
or 

— t t 

eee er | 
Shey 1 — 2t Sa 


mal 


On the other hand, if C,, (t) is the enumerating generating function for compositions 
with exactly m parts, then 


C,.gj=(tte4+ 24+ ...)™=1r(1 — ty. ist Lea) 
And so the generating function with no restriction on the number or size of parts is 


C(t) = >¢ ()= 545. (1.3) 


mal 
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A comparison of (1.1) and (1.3) leads us to our main theorem. 
Theorem—The number of composition of is the same as the number of self- 
conjugate partitions with largest part equal to n. 
The exact meaning of the theorem should be clear from the following example : 
There are eight compositions of 4, viz. 
4431335 28 2 il eee 
There are also eight self-conjugate partitions with largest part 4, viz. 
419, -.421*; --4321;* 4371, 4°2%,.) 473277483 eae, 
This paper is centered around a combinatorial proof of the main theorem. The 


n-reflected lattice paths of the corollary were recently studied by Agarwal and Andrews!?, 
and are defined as follows : 


Definition—A lattice path from (0, 0) to (n, n) is said to be n-reflected if for each 
(x, ») in the path (n — y,n — x) is also in the path. For example, there are four 2- 
reflected lattice paths, viz., 


(0,0), (1,0), (2,0), (2,1), (2,2); (0,0), (1,0) (1, 1), (2, 1), (2,2); 
(0,0), (0,1), (1,1), (1,2), (2,2); (0,0), (0, 1), (0, 2), (1, 2), (2,2). 


In the next section we shall prove some subsidiary theorems which are required 
in proving our main results combinatorially. 


2. SUBSIDIARY THEOREMS 


Theorem 2.1—The number of compositions of n with exactly m parts equals the 
number of partitions into m distinct parts with largest part n. 


First proof (by generating function)\—It is well known that the coefficient 
of t" q® in 
t™ qm (mt) /2 
(1 —1q)(1 ~«q*)...(1—tq™) 


is the number of the partitions of N into m distinct parts with largest partm. Hence 


the generating function for all the Partitions into m distinct parts with largest part 7 is 
what we get when we set q = 1, viz., 


jm 
(Il —?t)=* 


and the theorem follows immediately by noting that this function also enumerates the 
compositions with exactly m parts [see eqn. (1.2)]. 
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Second proof (combinatorial) —Let be the graph of a partition into m distinct 
parts with largest part n (In the above graphn = 4, m = 3; also note that the X-axis 
is drawn one unit of length below the last row and the Y-axis one unit of length to the 
left of the first column). We draw vertical lines from the corner point of each part and 
measure the distance of each line from its preceding one taking. 


Y-axis also into consideration. We see that these distances give rise to a compo- 
sition of n into exactly m parts. The correspondence being one-one the theorem is 
proved. 


44+3+2 —21ll 
4+3+1—> 121 
4+2+1— + 112 


Theorem 2.2—The number of compositions of nis the same as the number of 
partitions into at most n distinct part with largest part 7. 


Proor : Let P(n, m) denote the number of partitions into m distinct parts with 
largest part m, and C,,,, the number of compositions of with exactly m parts. Then 
-by Theorem 2.1, we have 


C,,m = P (n, m). etal) 


Equation (2.1) implies 
> prea 2 P (n, m), 
m=1 m= 


and the theorem follows immediately. 


The one-to-one correspondence established to prove Theorem 2.1 holds good here 
too. 
4<—4 
4+3 <«—3,l 
4+2 <> 2,2 
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4+ 1 <-— 1,3 
4+3+2 <— 2,1,1 
4+3-+1 <— 1,2,1 
4+2+1 <—1,1,2 
4+3+2+4+1<-—1,1,1,1 
Now we Shall establish a natural bijection for the following : 


Theorem 2.3—The number of self-conjugate partitions with largest part is the 
same as the number of partitions into at most n distinct parts with largest part 7. 


We first define a k-bend. 


Definition —We call a right-bend ...... , a k-bend if the number 


of dots in first row and first column are both equal tok. Thus by 1l-bend we mean 
single dot., by 2-bend ... by 3-bend ..., etc. 


Proof of the Theorem 2.3—Let =a, + a, + ... + ae (9 = a, >@,>... > ar) 
be a partition 


We consider a graph which consists of r successive bends viz., a,-bend, a,-bend,. 
...ar- bend. We see immediately that this graph represents a self-conjugate partition with 
largest part equal to n. The correspondence being one-to-one, the theorem is proved. 


Example—Consider the case n = 4. 


Partitions into at most Mapping Self-conjugate partition 
4 distinct parts with with largest part 4 
largest part 4 
4+34+2+1 (4-bend) + (3-bend) + (2-bend)-+ (1-bend). 

_—_——— Se —_> 
4+3+2 (4-bend) + (3-bend) + (2-bend) 

See ee Rak 
4+3+1 (4-bend) + (3-bend) + (1-bend) 

+ 


ES a SSS SY eee 


ENUMERATION IDENTITIES 317 


4+2+1 (4-bend) + (2-bend) + (1-bend) 
os. Oh ee ee we 
4+ 3 (4-bend) + (3-bend) 
SS 
4+ 2 (4-bend) + (2-bend) 
——— -—-———-__-__, 
4+ 1 (4-bend) + (1-bend) 
—_—_—_—_ —_ 
4 4-bend 
<—-—_+ 


3. PROOFS OF THE MAIN RESULTS 


The bijections established to prove Theorems 2.2 and 2.3 together give rise a 
natural one-one onto mapping for our main theorem. 


A bijection for the corollary can easily be obtained once we recall the following 
result due to Agarwal and Andrews’. 


Theorem 2.4—The n-reflected lattice paths are in one-to-one correspondence with 
the self-conjugate partitions with largest part < n. 


4. CONCLUSION 


Since a subset of {1, 2, ..., m} is alsoa partition into at most 7 distinct parts with 
largest part <n, the discussion of the preceding sections was a natural way to look at 
the following : 


Theorem 4.1—Let A, be the number Of compositions of all integers =n. B, the 
number of self-conjugate partitions with largest part < n. C, the number of n-reflected 
lattice paths and D,, the number of subsets of {1, 2, ..., 7}. 
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Then 
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In this paper we study a generalized variational inequality problem related 
to a certain general mathematical programming problem. Some existence 
theorems are established. Consequently, we obtain existence results and give 
bounds for optimal solutions of the programming problem. 


1. INTRODUCTION 


Given a continuous map F: R"—>R",a continuous linear function / : R" > R, 
and a nonempty set K in R”, the problem of finding ¥ € K such that 


<F (x), x — ¥> > % (¥) — v (x) forallx € K 1) 

is called a variational inequality. Taking / as constant over the set K, we get a special 
case in which (1) becomes 

< F(%),x — ¥> > Oforallx € K. fale) 


Theory as well as applications of the variational inequality have been well documented 
in the literature (see. e. g. Cottle et al. and Kinderlehrer and Stampacchia‘). In 
recent years, various extensions of this problem have been proposed and analyzed. 


An important generalization of (2) is obtained by taking F to be a multifunction. 
In this case the problem is as follows: Given a multifunction V from R” into itself, find 
vectors ¥ € K and »* € V (%) such that 


<jp*,x —% >> Oforallx € K. Fae), 
It is known as the generalized variational inequality (see Chan and Pang? and 
references therein). 


Many problems in mathematical programming can be reduced to variational in- 
equalities and thus can be studied in the framework of variational inequality problems. 
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I ticular, we have the following: Let fbe a continuously differentiable convex 
n par - ego 
pao in R". Then the problem of finding ¥ in K such that 


f@= i f(x) 


in equivalent to that of finding x in K satisfying the variational inequality 
<v/f(*), x —%*> 20 forallx € K. 


By using this fact, Mancino and Stampacchia® showed that their algorithm developed 
for the variational inequajity (2) is available for approximating optimal solution fora 
convex programming problem. 


Let 9 (x, y) be a real-valued function defined on X x D, Whete X and D are 
closed, convex sets in R" and R?, respectively. Consider now a nonlinear programming 
problem (P), and a saddle point problem (SPP) given as 


(P) min 9 (x, y), 
(x,y)EU 


where 


U = {(x,y) E€ X¥ X D: o (x,y) = en p (x, 4)} 


(SSP) : Find x° € X, v° © D such that 
@ (x°, ¥) < 9 (x, »°) & p(x, y*) 


forallx € X and »y € D, For a detailed study of these two problems, we see 
Mangasarian and Ponstein’. 


Let 9 (x, y) be differentiable with respect to x for every fixed y, and let y,(°, °) 
denote the gradient of » with respect to the first vector variable. The variational in- 


equality problem that can be associated with (SPP) is as follows : Find ¥ € X, p* € 
Y (¥) such that 


<Vi 9 (%,9*), x — ¥> > Oforallx € X (4) 
where 


Y (x) = {y* € D: 9 (x, y*) = max @ (x, n)}. AE) 
nED 


It is easily seen that if » (g, y) is convex over Y for every fixed y € D, and (279%) is'4 
solution of (4), then (x, }*) is also a solution of (SPP). Further, it follows from a 
lemma of Mangasarian and Ponstein’ (Lemma 3.4, p. 509) that any solution (¥, 9) of 


(SPP) is an optimal solution of (P). Hence, the question of the existence of an optimal 
solution to (P) can be investigated via (4). 


In this paper, we establish several exist 
ditions on the map 9, each of which also gu 
tion of (P), Further, for (P), when it is so 
D, we give simple bounds for all component 


ence theorems for (4) under various con- 
arantees the existence of an optimal solu- 
lvable and 9 is convex-concave over X x 
s of all optimal solutions. 
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2. MAIN RESULTS 


Given a multifunction V from R” into itself, V is said to be upper semicontinuous 
if a sequence {x"} converging to x, and a sequence {y"}, with y* © V(x)", converging 
to y, implies y € V (x). Under this definition, the point-to-set map x |—> Y (x) as given 
by (5) is upper semi-continuous. Clearly, Y (x) is a closed set. In what follows, it is 


assumed that Y (x) is nonempty and bounded. Thus, for every x € X, Y (x) is a com- 
pact subset of D. 


The following result which will be needed in the proof of Theorem 2is due to 


Parida and Sen’. Here, for a set C in R®, P (C) denotes the collection of all compact 
convex subsets of C. 


Theorem 1— Let S be a compact convex set in R", and C a closed convex set in 


R*. Let VV: S > P(C) be upper semicontinuous and M: S x C — R® be continuous. 
Then there exist x € S, 9? € V (%) such that 


<M (%,3),x —*> > O forall x € S. 


Theorem 2—Let 9 (x, y) be a continuous convex-concave function oxer X X D, 
and let 9 (x, y) be continuously differentiable over X for every fixed y € D. Further, 
assume that Y(x)is nonempty and bounded. If there isa 7 € X and a constant 
r > |l\a|| such that 


max <Vi9(x,)*),@—-x> <0 ...(6) 
y* EY () 


for each x € X with ||x|| = r, then there exists a solution to (4), and hence an optimal 
solution to (P). 


Proor: Let X¥, = {x € X:||xl| <r}. Clearly, X, is compact and convex. Since 
(x, ¥) is concave in y € D, Y (x) isa compact and convex subset of D. It follows 
from Theorem | that there exist ¥ € X;,9* € Y (x) such that 


<Vi 9 (2.3); > Tass x> = 0 for all x E ae .(7) 
We distinguish two cases. 


Case 1—||x||< r. Given x € X, we can choose 0 < A < 1 small enough so that 
w = Ax + (1 — A)z lies in X,._ Then it follows from (7) that 


0 < <Vi p (x, 3*), Mae ae x > 


\ 


\< v1 0(%, 3%), X —*F > + (1 — A) <vi 9 (%,I*), ¥ — ¥>, 


A<Vi9(%,9"), X-*> 
and consequently, (%, }*) satisfies (4). 


Case 2—||x|| =r. Since @ € X,, it follows from (6) and (7) that <Vi ? 5 bal fe 
i — x> = 0. Since ||z|| < r, for any given x € X, again we can choose 
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0 < A < 1 small enough so that w’ = Ax + (1 — A) alies in X,. Then, proceeding as 
in Case 1, it can be shown that (%,, 9*) satisfies (4). Therefore, we have 
<Vv, 9 (%,39%), xX —%¥>2 0 for allx € X. ...(8) 
Now, from (5), (8) and the convexity of p (x, )*) over X, we get 
9 (x, »*) > @ (X, 3*) for all x € x 


max 9 (xX, 1) = 9(x,))*, 
nED 


which implies that (¥, )*) solves (SPP). Finally, it follows from Lemma 3.4, p. 509 of 
Mangasarian and Ponstein’ that (%, 9*) is an optimal solution of (P). 
which implies that (%, }*) is an optimal solution of (P). 


The proof of Theorem 2 shows that the following result also holds. 


Theorem 3—Let 9 (x, y) be a continuous convex-concave function over X X D, | 
and let @(x, y) be continuously differentiable over X for every fixed y € D. Further, 
assume that Y (x) is nonempty and bounded. If for some real number r > 0, the solu- 
tion of the variational inequality 


x = X,, 3* = Y (®) 


<v¥i 9 (%,3*), x — x> 2 Oforallx € X, 


(which certainly has solutions) satisfies the estimate ||x|| < r, then there exists a solu- 
tion to (4), and hence an optimal solution to (P). 


Now we consider some special mappings of interest in applications and show that 
condition (6) of Theorem 2 is satisfied for these mappings. The definitions we give 


extend the concept of nontonicity for single-valued functions (see Minty*) to multi- 
valued functions. 


A multifunction V : K — R" is said to be monotone on K if for every pair of 
vectors x,u€E K 


<y* — v*, x — u>> 0 for all y* € V (x); v* € V (u). 
The map V is called strictly monotone if for every pair of vectors x, u © K,x Au. 
<y* — v*, x —u> 0 for all y* € V (x), v* € V (u). 


Proposition \-Let@: R" x R® + R be continuously differentiable over X for 


every fixed y € D. If 9 (x, y) is convex in x € X, then the multifunction x I> {y, ¢(x, 
y*): y* & Y (x)} is monotone on X. 


Proor : From convexity of » (x,.) over X, we have 


p (x, v*) —  (u, v*) > <Vi 9 (u, v*), x — u> 


? (u, y*) ha 9 (x, y*) = <V1 @ (x, y*), go X> 
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for every »* € Y (x) and v* € Y (u). By the definition of Y (x), we have 

? (x, y*) — e(u, »*) D> o (x, v*) — ou, v*) 

9 (u, v*) — 9 (x, »*) > e(u, »*) — 9 (x, 9%). 
Now, by adding the above four inequalities, it is seen that the map x !> {y, 9 (x, y*): 
y* € Y (x)} is monotone on XY. 

If F is strictly monotone on K, then (2) has, at most, one solution. To see this, 

let both ¥ and 9 be solutions to (2) with ¥ ~ }. Then 

0< <F(%) — F(>), ¥ —j> 

= — <F(x), }) —x¥>— <F(j), ¥ —j> 
<0 


a contradiction. Using arguments similar to this and the conclusion of Proposition 1, 
it can be shown that (P) has, at most, one optimal solution if 9 (x, y) is strictly convex 
in x € X for every fixed y € D. 


In the following theorem, we take X to be a pointed convex cone. The polar of 
the cone X is given by 


X* = {y € R": <x,y> > Oforaflx € X}. 


Theorem 4—Let X be a pointed closed convex cone in R", and let 9 (x, y) be as 
in Theorem 3. Suppose that Y (x) is nonempty and bounded for every x € X. If there 
isa a € X anda o* € Y(a) such that y, 9 (a, v*) € int X*, then (4) has a solution, 
and hence, (P) has an optimal solution. 


Proor: We denote p = V, 9 (a, 2*). Since p € int X*, theset B ={xE X: 
pt? (x — a) < O}is compact, and consequently, for all x € X\B, pT (x —a) > 0. This 
implies that there is a constant r > ||| such that p? (x — a@) > 0 forallx € X with 
\|x|| = r. From the convexity of @ and Proposition 1, it follows that the map x I> {v1 
@ (x, y*): y* € y (x)} is monotone. Hence, for any x € X with ||x|| = r, we have 


<Vi 9 (x, y*), x —@>> <V1 9 (4, v*), x —u> 
= pT (x — a) 
>0 
for all y* € Y (x). This shows that condition (6) of Theorem 2 is satisfied. Therefore, 
(4) has a solution and consequently, (P) has an optimal solution. 


Following the same reasoning used by Mangasarian and McLinden®, and Parida 
and Sen? for providing numerical bounds for optiml solutions of convex programs we 
obtain the following result for (P). 
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Throrem 5—Let X = R', and let 9 (x, y) be a continuous convex-concave func- 
° . n 
tion over RK”. x D. Further, let 9 (x, y) be continuously differentiable over Ree 2s0t 


every fixed y € D. Suppose that Y (x) is nonempty and bounded for every x € Re 


If there isa z > O and a 0* € Y(a) such that Vi 9 (4, o*) > 0, then there exists 
(x, 9*) which solves (P). Any such solution is bounded as follows : 

¥ i, 0*), ui i ui, o* oa f9) 

liz, << <Vi 9 (%, 2%), d>/ emity {V1 ? (#, O*)}i. ( 

Proor: The existence part follows from Theorem 4. To get the bound (9), 

let (¥, 9*) be an optimal solution of (P). Since (x, 9*) is also a solution of (4), we 
have 

<¥i 9 G, 9*), 7 — e>2 0. 


From the convexity of » (x, y) and Proposition 1, we have 
<V1 9 (#, 0*) — V1 9 (%, 9"), 2 -— ¥> DO. 
Now, from these two inequalities, it follows that 


<Vi 9 (a, o*), i> Zz < Vi ? (a, o*), “> 


> min (yi. 9(% Mh. D ¥ 
1<ixn Int 


= min {Vi 9 (4%, o*)}. [lFlh. 
. 1SiSn 


This completes the proof of the theorem. 
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In this note, the author obtains several characterizations of extremally dis- 
connected spaces by utilizing preopen sets and semi-preopen sets. 


1. INTRODUCTION 


Quite recently, Sivaraj® has obtained some characterizations of extremally dis- 
connected spaces by utilizing semi-open sets due to Levine®. Mashhour et al.’ have 


defined preopen sets. Recently; Andrijevic! has introduced a new class of sets, called 
semi-preopen sets, in topological spaces. The class of semi-preopen sets contains both 
the class of semi-open sets and the class of preopen sets. The purpose of this note is 
to obtain several characterizations of extremally disconnected spaces by utilizing 
preopen sets and semi-preopen sets. 


2. PRELIMINARIES 


Throughout the present note, by X we denote a topological space. Let A bea 
subset of X. The closure of A and the interior of A are denoted by Cl (A) and Int (A), 
respectively. A subset A is said to be preopen’ if A C Int (Cl (A)). A subset A is 
called semi-open® (resp. semi-preopen’) if there exists an open (resp. preopen) set 
U of X such that UC AC CI(U). Abd El-Monsef et al.* have introduced a weak 
form of open sets called B-open sets. The notion of P-open sets is equivalent to that 
of semi-preopen sets. In this note, we utilize the term “‘semi-preopen”. The family 
of all preopen (resp. semi-open, semi-preopen) sets of X is denoted by PO (X) (resp. 


SO (X), SPO(X)). Levine® (resp. Andrijevic!) showed that a subset A of X is semi- 
open (resp. semi-preopen) if and only if A C Cl (Int (A)) (resp. A C Cl (Int (Cl (A)))). 
These characterizations will be frequently utilized in the sequel. 


The complement of a semi-open set is called semi-closed*. The intersection of all 
semi-closed sets containing a subset A of X is called the semi-closure* of A and is de- 
noted by sCI(A). It is obvious that sCl (A) is semi-closed. A point x of X is said to 
be a 6-adherent’® (resp. 5-adherent) point of A if A  Cl(U) + ¢ (resp. A ( Int (Cl 
(U)) #¢) for every open set U containing x. The set of all 6-adherent (resp. 5-adherent) 
points of A is called the 9-closure (resp. 8-closure) of A and is denoted by Cle (A) (resp. 


Cls (A)). 
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The following lemma is shown by Jankovic® but we shall give an another proof. 


Lemma 2.15—If A € PO (X), then Cl (A) = Cls (A) = Cle (A). 


Proor : It is obvious that Cl (S) C Cls (S) C Cle (S) for every subset S of X. 
Thus, it remains to show that Cle (4) C Cl1(A). Assume that x & Cl (A), then U(X 
A = ¢ for some open set U containing x. We have U -) Cl (A) = ¢ and hence Cl (UV) 
A Int (C1 (A)) = ¢. Since A € PO (X), we obtain Cl1(U) A = ¢. This shows 
that x € X¥ — Cle (A). Consequently, we have Cle (A) C Cl (A) and Cl (A) = Cls 


(A) = Clo (A). 
Sivaraj® showed that Cl (A) = Cls (A) for every A € SO(X). The following 
lemma is an improvement of this result. 


Lemma 2.2—If A € SPO (X), then Cl (A) = Cls (A). 


Proor : Weshow that Cls (A) C CI (A) since the opposite inclusion is obvious. 
Assume that x € X¥ — CI(A), then UM A = ¢ for some open set U containing x. 
Since U is open, Cl (U) ™ Int (Cl (A)) = ¢ and hence we have Int (Cl (U)) ) Cl (Int 
Cl (A))) = ¢. Moreover, since A € SPO (X), we obtain Int (Cl U)) 1 A = ¢. This 
shows that x € X — Cls (A). Therefore, we have Cls (A) C Cl (A) and hence Cl (A) 


=Cls5(A). 


3, CHARACTERIZATIONS OF EXTREMALLY DISCONNECTED SPACES 


A topological space X is called extremally disconnected (briefly E. D.) if Cl (UV) 
is open in X for every open set U of X, or, equivalently if every two disjoint open sets 
of X have disjoint closures. 


Theorem 3.1—The following are equivalent for a space X. 

fa)y 4-18 F. D: 

(b) The closure of every semi-preopen set of X is open. 

(c) The 5-closure of every semi-preopen set of X is open. 

(d) The 5-closure of every preopen set of X is open. 

(ec) The £-closure of every preopen set of X is open. 

(f) The closure of every preopen set of X is open. 

ProoF : This follows immediately from Lemmas 2.1 and 2.2 since Cl(A) = Cl 
Int (Cl (A))) for every A € SPO (X) and PO (X) C SPO (X) 

Jankovic® showed that if a space X is E.D. then sCl (A) = Cl, (A) for every 
A €E PO(X) U SO (X). We show that the converse is also true. 


Theorem 3.2—The following are equivalent for a space X, 
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(a) XisE. D. 

(b) sCl (A) = Cle (A) for every A € PO(X) U SO (X) 

(c) sCl{A) = Cl (A) for every A © SPO(X). 

(d) sCl(A) = Cls (A) for every A € SPO (X). 


Proor : (a) > (b): Thisis shown in Corollaries 4.5 and 4.6 of Jankovic® 


(b) > (a): First, let A be any preopen set of X. By Proposition 2.7 of Jankovic’ and 
Lemma 2.1, we have Int (Cl (A)) = sCl (A) = Cle (A) = Cl (A). Therefore, Cl (A) 
is open in X and hence it follows from Theorem 3.1 that X¥ is E. D. Next, let A be any 
semi-open set of ¥. We have sCl (A) C Cl (A) C Cle (A) = sCl (A) and hence sCl 
(A) = Cl(A). Therefore, it follows from Theorem 2.1 of Sivaraj’® that X is E. D. 


(a) > (c): It follows from Lemma 2.6 of Jankovic® that for every subset S of 
X, Int Cl (S)) C sCl (S) C Cl(S). Since ¥ is E. D., by Theorem 3.1, Cl (A) is open 
in X for every A C SPO (X). Therefore, we have sCl (A) = C1(A) for every A € 
SPO (X). Therefore, we have sCl (A) = Cl (A) for every A € SPO (X). 


(c) = (d) : This is an immediate consequence of Lemma 2.2. 


(d) + (a): Let U, V be any disjoint open sets. Then we have sCl(U) MV = ¢. 
Since sCl (U) € SO (X), we have sCl (U)M sC1 (V) = ¢. By Lemma 2.2, we obtain 
Cl(U) Q Cl(V) = ¢. This shows that ¥ is E. D. 


Theorem 3.3—The following are equivalent for a space X. 


(a) XisE. D. 

(b) If A € SPO(X), BE SO(X) and AM B=¢, thenCl(A)M CI (B) 
= ¢, 

(c) If Ac SPO(X), BE SO (X) and AM B= 4, and Cls (A) Q Cls (8) 
= ¢, 


(d) If A € PO(X), BE SO(X) and A M B = 4, then Cle (A) 1 Cls (B) = 4, 

(ec) If A € PO(X), BE SO (X) and AM B= 4, then Cl (A) MQ Cl (B) = ¢. 

Proor : (a) = (b) : Suppose that A € SPO (X),B € SO (X¥) and AN B 
= ¢. We have Cl(A) M Int (B) = ¢. By Theorem 3.1, Cl (A) is open in X and hence 
Cl (A) M Cl (B) = CI (A) M Cl (Int (B)) = ¢since B € SO (X). 

(b) + (c), (c) = (d) and (d) = (e): These follow easily from Lemmas 2.1 and 2.2. 


(ce) > (a): This is obvious since every open set is preopen and semi-open. 
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Remark 3.4 : Extremal disconnectedness of a topological space cannot be 
characterized by the statement that every two disjoint preopen sets have disjoint 
closures. There exists an E. D. space not satisfying the statement. 


Example 3.5°—Let X = {a, b, c}andt = {¢, X, {a, b}}. Then the space (X, t) 
is E, D., {a}, {6} € PO (X), and Cl ({a}) M Cl ({b}) # ¢. 

Theorem 3.6—The following are equivalent for a space X. 

(a) Xis E. D. 

(b) If A € SO (X)and B € SPO (X), then Cl (A) M Cl(B) = C1(A 2 B). 

(c) If A& SO(X) and B € SPO (X), then A M BE SPO (X). 


Proor : First, we recall the fact thatif U is open in ¥ then U CQ Cl (S)C C1(U 
™ S) for every subset S of X. 


(a) = (6): Let A € SO (X) and B € SPO (X). By Theorem 3.1, Cl (B) is open 
in X and we obtain 


Cl (A) M Cl (B) = Cl (Int (A)) Cl (B) C Cl (Int (A) A Cl (B)) C Cl 
(A 2 B). 
Therefore, we have Cl (A) () Cl(B) = Cl (A B). 
(b) =(c) = Let: 4 CSO (X) and B € SPO (X). Then, we have 
AM BC Cl (Int (A)) M Cl (Int (Cl (B))) = Cl (Int (A) 
( Int (Cl (B))) = Cl (Int (49 C1(2))) C CI (Int (Cl (A) 
(™ Cl (B))) = Cl (Int (C1 (4 1A B))). 
This shows that A 1 B € SPO (X). 


(c) (a): It is enough to show Cl] (A) O Cl (B) = Cl (ANB) for all open sets 
A and B. Let A and B be any open sets of X. Then, Cl (A) and Cl (B) are semi- 
open and hence Cl (A) (\ C1(B) € SPO (X). Therefore, we have 
C1 (A) 9 Cl (B) C Cl (Int (Cl (4) A (B)) = Cl (Int (Cl (A)) 
() Int (Cl (B))) C C1(Ci(A) -F Int (Cl (B))) € C1(A 
M1 Int (Cl 8) Ca(AN GC (B)) C Cl(A 2A B). 
Consequently, we obtain C| (A)N Cl(B) = Cc] (A 1 B) 


Remark 3.7: Jankovic showed that a space _X is F. D. if and only if A B 


SO 
pees ee os ee A, u € SO (X). However, neither PO (X) nor SPO (X) can sub- 
(0) in this result. Because, in the space (¥, t) of Example 3.5 (X, t) is 
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E. D. and {a, c}, {b, c} € PO (X, t), however {c} = {a, c} \ {b, c} is not contained in 
SPO (X, 1). 


NAW PWN 


10. 
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SPLITTINGS OF ABELIAN GROUPS BY INTEGERS 


V. K. GROVER 
Department of Mathematics, Panjab University, Chandigarh 160014 


(Received 18 March 1987; after revision 24 August 1987) 


A finite subset M of non-zero integers is said to split a finite abelian additive 
group G, if there exists a set S in G such that each non-zero element of 
G has a unique representation in the form ms, mEM ands € S and O has 
no such representation. For the set S (k) = [1, 2,---, k] for kK < 700, except 
= 24, 60, 62, 84, 144, 171, 180, 264, 312, 420, 480, 665, 684, it is proved 
that if S (k) splits C(r) X G for a finite abelian group G and cyclic group 
C(r) of order r, with r = 1 (mod k), then S (k) splits C (r). Stein asked this 
question for all k. Our result gives a partial answer to his question. 


1. INTRODUCTION 


Let M be a finite set of non-zero integers, called a multiplier set, and let G be a 
finite abelian additive group. Assume that there is a set Sin Gsuch that each non- 
zero element in G has a unique representation in the form m.s,m € M,s € S and 
that O has no such representation. Then M is said to split G and S is called a splitt- 
ing set. Splittings were first considered by Stein‘. 


If(m,|G|) = 1 foreach m € M, the splitting is called non-singular. Other- 
wise it is called singular. If each prime that divides | G | divides at least one m € M, 
then the splitting is called purely singular (see Stein® for more details). 


Hickerson has conjectured thatif the set S(k) = [I, 2, ..., k] splits a finite 


abelian group G purely singularly, then G must be either C (1), C(k + 1), or 
C (2k + 1), where C (r) denotes the cyclic group of order r. 


Stein® observed that for k = 2,3, 4,6, and 8 if the set S (k) splits G, = G x C(r) 
for a finite abelian group G, then S (k) splits C (r) provided that r = 1 (mod k) and 
posed the question® (Question 1V_,) for other values of k. In this connection we prove: 


Theorem 1—If S (k) splits G. = G x C(r) where Gis a finite abelian group, 
r = 1 (mod k), and k satisfies Hickerson’s conjecture, then S (k) splits C(r). 


Hickerson® has proved the conjecture for kK < 700 with exceptions k = 24, 60, 
62, 84, 144, 171, 180, 264, 312, 420, 480, 665, and 684, Thus in view of Theorem 1, 
Stein’s assertion is true for the values of k < 700, except perhaps the ones listed above. 
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2. SOME KNowN RESULTS 
For the proof of Theorem 1 we make use of the following results. 


Lemma 1—Let G — [0] = M.S bea splitting of a finite abelian group G. Then 
there exist subgroups H and K of G such that 


(i) G=HxkK 
(ii) M splits H non-singularly 
(iii) M splits K purely singularly. 
Further H and K are uniquely determined by these conditions. 


This result is due to Hickerson? (Theorem 1.2.5). The proof shows that if P de- 
notes the set of prime divisors of | G| which are relatively prime to all elements of 
M then the subgroup A is the direct product of p-sylow subgroups of G where p € P 
and K is the direct product of p-sylow subgroups of G for p& P. 


The converse of the above is true, i.e. if H and K are finite abelian groups such 
that M splits H non-singularly and M splits K purely singularly then M splits H x K. 
In fact the following more general result follows from Theorem of Hamaker and Stein'. 


Lemma 2—Let H bea subgroup of the finite abelian group G. Suppose M splits 
both H and G/H and that the splitting of H is non-singular. Then M splits G. 


The following result, which is a consequence of Lemma 1, Lemma 2 and a re- 
sults due to Hamaker and Stein' (Theorem 4) reduces the study of splittings of a finite 
abelian group G to the case of non-singular splittings of cyclic groups C (p) of prime 
orders and the purely singular splittings. 

Lemma 3—Let G be a finite abelian group, Ma set of positive integers, P the 
set of prime divisors p of | G | such that (p, m) = | for all m € Mand K the subgroup 
of G obtained by taking the direct product of all the p-sylow subgroups of G for p & 
P. Then M splits G if and only if M splits C (p) for all p € Pand M splits K. 


3. PROOF OF THEOREM 1 


a a 


B B : 7 
Leer merge pe Pp q,' be the prime factorization of r where the primes 


pi, 1 <i < sare Skand primes qj;1 Gj tare > k. 


Since S (k) splits C (r) x G, by Lemma 3, it splits C (q,) and hence q ; = 1 (mod k), 
for 1 < j <¢tso that 


r= P, ... p,” = 1 (mod k). etl) 


Let G, = H, x K, where H, and K, are uniquely determined by Lemma | such that 
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S(k) splits H, non-singularly and K, purely singularly. Since k satisfies Hickerson’s con- 
jecture it follows that 


K, = C (1) or C (k + 1) or C (2k + 1). eA 
Since K, is the direct product of the p-sylow subgroups of G1, where p runs over 
all prime divisors of | G, | = r | G | with p < k, we have 
ae E 
nl | l- (3) 


It follows from (1), (2) and (3) that 
either (i) r, = 1 or (ii) K, = C (7). 


B B : F 
Case (i)—In this case we have r = q, ¥ q,, and since S (k) splits C (q,), for 
1 <j <t, by Lemma 3, S (k) splits C (r). 


Case (ii)— In this case we have K, = C (1). 
B B 
Let rs = 9, «i. q,, so that C (r) = K, X C (rs). 


Now since S (k) splits C (r.) non-singularly as in case (i) and S (k) splits K, by Lemma 
2 it follows that S (k) splits C(r). This completes the proof. 
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SEMISIMPLE T'-GRADED LIE ALGEBRAS 
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(Received 1 September 1986; after revision 25 August 1987) 


The invariant forms, in particular, the bilinear Cartan-Killing form is con- 
sidered. Casimir invariants are determined for nondegenerate TGLA and the 
cohomology of a wide class of representations of semisimple TGLA is shown 
to vanish, Finally, the applications to reducibility of representations are 
discussed. 


INTRODUCTION 


Cohomological techniques have played a significant role in describing anomalies 
and renormalisability in quantum field theory, e.g., it was recognised by Becehi, et al. 
that chiral anomalies belong to nontrivial cohomological classes associated 
with a gauge invariant classical action. Trace anomalies” too are characterised by non- 
trivial cohomological classes for a system having local Weyl symmetry. It was noted 
by Stora’ that renormalisability of quantum field theory is associated with the triviality 
of the second cohomology of the BRS algebras. We will specially address ourselves to 
the cohomology properties (algebraic) of graded Lie algebras in the context of their 
structure. The Z,-graded Lie algebras (popularly known as super Lie algebras) and the 
classification of the classical Lie super algebras were systematically developed by several 
author especially Kac*’’. Attempts have been made to obtain the Iwasawa and Langlands 
decompositions of such super Lie algebras and the various parabolic subalgebras are 
determined’. It is hoped that Schmidt induction scheme could be carried out to obtain 
the various irreducible representations of Z.-gradeed Lie algebras. 


In a previous communication’, we had introduced the cohomology of Z,-graded 
Lie algebras and subsequently it was extended to generalised Lie algebras (T GLA), also 
called color superalgebras. It was shown that the cohomology of certain representa- 
tions of a broad class of GLA is trivial’. In the present communication, we analyse 
the properties of invariant forms to obtain the cohomology properties of nondegenerate 
I’ GLA’s. The results are then used to study the reducibility of finite dimensional re- 
presentations of semisimple! GLA’s. In so doing, we generalise our definition of the 
coboundary operator. 


The plan of the parer is follows. In section2, we introduce the basic concepts of 
I’ GLA and relate the structure of a 'GLA to that of a graded Lie algebra with com- 


334 B. MITRA AND K. C. TRIPATHY 


mutation facter ¢(«, 8) instead of the usual (—1)**. Following Backhouse’ we define 
the invariant forms and establish their symmetry properties, in particular, we obtain 
the bilinear Cartan-Killing form K (/, m). In section 3, we obtain the Casimir invariants 
of a nondegenerate [GLA defined as one in which det K (/. m) ¢ 0**’!*, We also intro- 
duce the notion of a I’ graded ideal and make a few remarks on the structure of a non- 
degenerete ['GLA. We also show that all derivations of a nondegenrate [GLA are 
inner. It may be noted that the invariant forms and Casimir invariants constructed in 
these sections are important examples of more general invariant forms constructed 
earlier’*’'®. However, the resultsand the methods used are useful for subsequent 
computations and have been expatiated for the sake of completeness. 


In section 4, we find the class of representations of semisimple GLA for which 
the cohomology is trivial, proving a generalised version of Whitehead’s lemma. Finally 
in section 5, Weyl’s reducibiliry theorem for Lie algebras is generalised to "GLA. The 
notation used throughout is sameas in Mitra and Tripathy’. Also [ throughout 
characterised a field of characteristic zero. 


2. RESUME AND INVARIANT FORMS OF TGLA 


In this section, we begin by giving a short resume’ of TGLA. We relate the 
structure of a [GLA to that of a GLA with commutation factor e (x, 8) instead of the 
usual (—1)*®, Finally, we obtain the invariant forms of order n and demonstrate their 
invariance and symmetry properties. 


(A) Resume of T Graded Algebras 


The following definitions are well known from the theory of [GLA (ref. 7) and 
are given below for the sake of completeness. 


Definition 1—A vector space Vis saidto be I’ gtaded if we are given a family 
(Vy)yEF of subspaces of V such that V is the direct sum 
V= @ by, 
yer 4 wine Zot) 
I" being on Abelian group (see Definition 4). An element of V is said to be homogenous 


V’ VY" V. 


Definition 2—An algebra S is calle 


graded dT’ graded if is underlying vector space is T’ 


S= @ S$ 
ver ” --.(2.2a) 


andit 5S. sa Su48 VY a, es ied 


If S has a unit element e, it foll 
ae , ows thateE S,. A press 
graded if it is T graded as a subspace of S. 0 subalgebra S’ is said to be 
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Definition 3—A commutation factor on I is a mappinge :T @ lf > K, K being 
a commutative field so that 


(1) «(«, B) € (B, a) = 1 ..(2.3a) 
(2) €(a,B + y) = € (a, B)e (a, y) ...(2.3b) 
(3) «(a + B, y) = e(a, y) € (8, y) for all a, B, ye I. ...(2.3¢) 


Definition 4—Let T be an Abelian group and let « be a commutation factor on I’. 
AT graded Algebra 


L= @® Ly ...(2.4) 
yer 


whose product mapping is denoted by an angle bracket (<>) is called a I’ graded 
€ Lie Algebra, or simply a I graded Lie Algebra (TGLA) if the following properties 
are satisfied. 


(1) <A, B> = — (a, 8) <B, A> (e skew symmetry) (2,58) 
(2) ¢€(y,«) <A, <B, C>> + cyclic permutations = 0 
(e Jacobi identity) ...(2.5b) 
for all A € L., BE Lp, C € Ly, ¥ «, B, y ET. 


When [ consists of the abelian group (0, 1) under the addition operation, and the 
commutation factor « («, 8) is chosen to be (—1)**,, Lis a Graded Lie Algebra (Lie 
superalgebra) and 


co Mie Neel re ln Oke, Shay Lice CL ...(2.6) 
while the « Jacobi identity reduces to the form 
<<A, B>,C> = <A, <B, C>> — (—1)** <B, <A, C>>. ...(2.7) 
(B) Structure of a TGLA 
Given a T GLA L, as in (2.4), let, 


Tl, ={e ET:e (a,a) = + |} ...(2.8a) 
Tr, = {2 ET: €(a, a) = — }}. ...(2.8b) 
Let 
Lo = oa be .--(2.9a) 
«Ely 
and 
Ii= © lx. ...(2.9b) 
2eEl, 


Then we have, 
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Proposition | 
<Lale> Cl, <li> Gy <i Le: ...(2.10) 
Proor : Let «, 8B € I’. Then 
<L., La> C Lesp for all Le, Lee 0: 
It is easy to show that 
«(a + B,a +B) =« (2, a) € (8, B) (2.11) 
from which (2.11) follows trivially. 
The « Jacobi identity may be cast in the following form : 


LAB C>> Sa A, BS) CS ele p) =o, CSS 
Jes La) 


where 
AE lL. BE Le. 


(2.10) and (2.12) give L a 'GLA, the structure of a GLA with commutation factor 
e (a, 8) instead of the usual (— 1)*®. The results in Ref. 8 are now directly applicable 
and will be used in the next sub-section. 


(C) Invariant Forms 


Following Mitra and Tripathy'®, we construct invariant forms for L as follows. 
Let Po and P, be the orthogonal projections of Lonto Ly and L,. We define the 
multilinear map 


Keel. i lye @® L— G, a scalar field by 


n times 
K, (h, 1, .., 1,) = tr [Po (ad J, adi, ..., adln) 
— P; (ad /, ad A, ..., ad J,)] (02213) 
for all; € L,i = 1, 2, ..., n, adl being the adjoint actian of J; on/ € L. It is easily 


seen using structure contants rhat K, ((J,, J, ..., 1,) = 0 unless > || =0, ...(2.14) 
(ed | 


| 4 | € T being the degree of homegeneity of J; € Ly U ZL. 


The following lemma is useful. 


Lemma 1—(a) (i) If 1 © Lo, P, ad! = P; adl P; = adi P, -< Geeta) 
(ii) If / € Li, P; ad! = P; adl P, = adl P, 
iA~Aj =0, 1 ...(215b) 


(b) ad</I,m> = adladm — € (| 71.1m |) admadl, ses(2elG) 


SEMISIMPLE-I'GRADED LIE ALGEBRAS 337 


PRooF : (a) The results (i) and (ii) are a direct consequence of (2.2) in Proposi- 
tion 1 and the fact that P, (P,) annihilate L, (Lo) respectively. 


(b) This follows from eqn. (2.12). 
We now establish the symmetry and invariance properties of K,,. 
Theorem 1 (a) K, (1,, 1, -, 1) =e | 41,1 |) Ky (ls, 5 bh) Pee YD 


(b) K, (1, J, ... J.) = 90 if the set {/,, J2, ... J,} contains an odd no, 
of elements from L,. 


oy ed dig mand mae bees 2 E(1// 5 LAjK Ue las 
- i=l 


elyaielsom UO; ...(2,.18) 
Proor : Using Lemma (la) 
tr [P; ad/, ad/., ..., ad/,)] = tr (P; (adl,) (add, ..., ad/,)] 
= tr [ad/, Px (adl,, ..., adl,)] 
= tr[P, (adl,, ... adl, ad/,)], 
where 
k=i iff, € Lo, 
kA iif € Ty. 
(using the symmetry of the trace operation). 
Hence 
K, (hi, la, ... J) = tr [Po (adh, ...s adl,) — P, (adl, ...ad/,) 
= (—1)!))! Kids «by Wife Ly%| |e |= 9,1 
=e(Jhi,| hi |) Kn (les ---2 las A) 
(b) Ky (lay lay ees In) = € CL LL LD Kn (lay oes dns 1) 


= TM e({ hl] 41) Kn (rs ley -.. tn). (2.19) 


i=] 


From (2.19), Kn (lis Los «+s 1,) = 0 if there are an odd no. of elements in the set {J,, J, 
..-, [nt belonging to L. 
(c) Using Lemma(1b) and the properties of € («,B) we have 


« ( Be 3 | I, | )K,, (hh, ee ETS, lizts pede 1) 
t=1 
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i 
t+e([l), D> 1h MK hy «4 Pd Ba Pg eh 
tel 


1-1 
= e101 ev ulel ) (Rigas ieee 1,) 
=i 


_ e( | 1 | > | I; | ): Fs (h, tery li, IF lias eees 1,) 
aa e( | 1 | Pi rf | ) Kno (11, seey li, L Mons sees 1,) 
—€ | l I. | I; eo | Nig | ) Kats (h, eoey 1, l; lig, sae 1,)] 


2=1 
Se( {hl Ui) hee Giese Ge fe 
4 


i+ 
7 € ( | 1 | ’ = ld; | ) Kn+1 (1, tery li, liga, Ih, ..-5 1,)). 
™i 


...(2.20) 


Using (2.20) we find that the terms in the sum in (2.19) cancel diagonally and the 
L. H. S. of (2.18) is 


Kia (J, hs ere £4 —— ae ( | 1 | ’ 3 | I; | Ry (1, nergy Ls 1) 


= Ke (hly oo UEC, +3 [hi --@21) 
(using (2.17)). 


From (2.14), usinge(1/|,0) = 1, it isseen that (2.21) is identically zero, proving 
(2.18). 


Thus far, we have established the existence of invariant forms of arbitrary degree 
(unless some of them vanish identically fora TGLA). In particular, there exists a 
bilinear form K, which we call the Cartan-Killing form K defined by 


K (1, m) = K, (J, m). 


sjleaeel 
The symmetry properties of K are listed below : 
(1) K(l,m) = K(m, 1) for all 1, m € Lo ...(2.23a) 
(2) K(l, m) = 0 forall] € Ly,m€ Iu ...(2.23b) 
(3) K (J, m) = — K(m, 1) for all], m € L, »ss(2.236) 
K (I, m) evidently combines a Riemannian with a symplectic structure being the 


direct sum of a symmetric form on L, and a skew symmetric form on L,. 
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3. Casimir INVARIANTS AND STRUCTURE OF A SEMISIMPME 'GLA 


We isolate the class of [GLA for which det K (1, m) 4 0. These we call nonde- 
generate following Backhouse" and Pais and Rittenberg?*. 


We now construct Casimir invariants for such TGLA. We choose a basis {/*} 
for L. The dual basis {/.} is chosen by the condition 


ENE p) ten. a Ba |e sg (34) 
This is possible as K is nondegenerate. We now show that 


eT Mar in, ceastala cg) Tee evess (y beatae) 
is invariant under L. We will need the following leamma. 
Lemma 2—(a) If </,/* > = Lg [® and <I, > = M, /« 
Me, =—«(|/*1, 1/1) L%8, .»-(3.3a) 
(b) 1h) =—{4h 1. .».(3.3b) 


Proor : (a) K(I*, <J, a>) = K(I*, Mg ly) = Mg 


K(</,1*>, Ip = K (L*y I’, ip) = L"s. 


Using Theorem Ic forn = 2, the result follows. 


(b) K (i*, Js) = 38*p = O unless | /* | = — 1 Jp!. 

Hence «(1 7* 1 + | J. 1,171 = 1, s0 that 
old a ae Ca ae ee ..(3.4a) 
RumeC tia biel jit e te Pld l). ..(3.4b) 


Invarianee of the Casimir operator C under L means that adl C = 0 for all 
1 € Land C € U(ZL), the Universal Enveloping Algebra which consists of linear 
combinations of monomials of L. The bracket operation ad/ is defined by 


adl (mn) = <I, mn> = <Il,m>n—e(|11,| m1)m <i,n>. 
Theorem 2— C, = Ky (a, «205 Jun) [ny «+» /*1 18 invariant under L, where | / | 


| Jn, | 11, are the degrees of /, Jx,, and I*, respectively, i = 1, ..., 7. 


PROOF : adl (. = Kz (Ja, Seine) if hep Haber ee wee {*; 
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n t= a 
oe de ( | l | ee ([* ,-k4+1 | ) K,, (lu y+ ly Bh Ie A n 


i=2 


dB ee oo bet bs 


a n i-1 * 
BK, ley ana) EL PHS alnds HSOCL ELAS Peco) 


% ntl o 
x K, (lu; eees | eS oes le) x 1 noses Ly is IFAs eee I 1 
(=! 


) é-(835) 


*n-t1 
Using Lemma 2a, noting that 
| lyn—t41 | I | ieee ve | + | I | ’ ...(3.6) 


and relabelling /y,_,,, aS Je y-;4, » (3.5) becomes 


ad C= — CE «(111s 2B  Mernan [ECL EL LED) Be (la, os 
<1 ea eda Nl eras ae) 


Using (3.4) and extracting — (2 eR ro eek ty Saye 
in (3.7) gives 


n {-1 
[K, (<5 | te ) + x € ( | 1 | > D>) | Teg | ) 
1 {=—2 kel k 


a Si (Argan Fe fe a fd) foe te A 
which is zero by Theorem Ic. This proves the result. 


We now make a few remarks on the structure of a nondegenerate TGLA which 
will be used in the next section. , 


Definition 1—A linear subset N of a ! GLA L is a left ideal if 


Non CaN, ...(3.8a) 
A linear subset N of a ! GLA L isa right ideal if 
<—Ni Lo CN. ...(3.8b) 


An ideal N is Abelian if <N, N> = 0, 


An ideal N of L is a T graded ideal if 


N= @ N 
ons ...(3.9) 
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Definition 2—The left (right) kernel of a [GLA L is the set 
M= CEL, k(t, = 0forallle L} ...(3.10a) 
I,={tEL, K(i, t) = 0 forall! € L}. ...(3.10b) 
For semisimple MGLA, the kernels are obviously trivial. 


Definition Regt: left (right) orthogonal complement of a subset N of a [GLA 
L denoted byN, (N, ) is defined as follows 


L 
N; = {1€ L: K(/,n) = 0 for alln € N} vont 3044) 


1 
N, = {1€ L: K(n, 1) = 0 for alln € N}. we(arh ib) 


The following lemmas are useful. 
Lemma 3—Given N C L, we define 


N’ = {n) — m, for all my + m © N, where ny © Lo, m € Lj}. 
Then 


(N; )}t = (ND. 
Proor: Let/e€ (N’)}' andJ/= 1, +4h,), € ly, 1, € Li. 
Hence K (ny — m, Iy + 1,) = 0. By (2.15), K(Ip +h, mo +, = 0, 


that/ € (N)}', Hence (Ni )! C (N;))!. The reverse inclusion also holds, hence the 
result. 


When a subset N is I’ graded, N’ = N. Hence for TI graded ideals, we may de- 
fine a unique orthogonal complement which is equal to both the left and right ortho- 
gonal complements. We finally have : 


Lemma 4—N!, the orthogonal complement of a I graded ideal N of a nonde- 
generate [GLA L is a I graded ideal. 
Proor : We first show that N/ is an ideal of L. By Theorem Ic we may write 
K(<Lnt>,n+e({/]|, |m |) K(a', <I,n>) = 0for alln EN, 
nm ENL.JEL. 


The second term vanishes as < /, n> € N is orthogonal to N!. Hence </, n+ > is 
orthogonal to N for all nt EN?, yielding </,nt+> € NY for all 1 € L, and so N* is 
is an ideal of L. We now show that N* is I’ graded. 
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rn 1 1 
Let nt = » n, wheren, € N,.- 
«El 
Then as N is I graded, if nm = ny € Ny, K (nt, n)=0=> 


K(> n., ny) = 0. 


«El 


ao se 
But K (n, , ny) = Ofor alla 4 — y by (2.14), soz y = — Y: Ny EON; and 


iL 


K (n, ny) = 0. Also K (n,,, n) = 0 where n = ens because K(n’,, ng) = O for 
”? BE 


y”? 


all 84 —y’. The above argument holds for allyE€ [: N= nap hence N* = 
1 Y 


® N_. This completes the proof. 
yer sf 


Lemma 4 is invaluable in generalising the results of nondegenerate GLA in Ref. 
8 to nondegenerate [ GLA. The results are collected in the following theorem : 


Theorem 3—Given a nondegenerate [GLA L as defined above. Then, 
(1) There are no nontrivial T graded Abelian ideals. 


(2) L may be written as a direct sum of I’ graded ideals 6 Mx where each Mz 
is nondegenerate and has no nontrivial I’ graded ideal. 


(3) Ls Le “aes. tse) 


The proofs follow on the same lines as in Mitra and Tripathy’® and are left as an exercise. 
We now obtain the last result of this section on the structure of nondegenerate TGLA’s. 


Definition 4—Given a ! GLA L over a I'graded vector space V. For any 5 € I, 


let D (L, €)s denote the subspace of all elements D € gi (V, €)s, the general linear 
€ Lie Algebra of v!®: 


D(<a, b>) = <D (a), b> + € (8, «) <a, Db> 


¥ elements a, b, € L with degrees «, 8 € T respectively, It is easy to see that D(L, 
= pe D(L, «)s is a graded subalgebra of g/ (L,¢). The elements of D (L; €)s 
are called the « derivations of degree 8. 


Two I graded derivations d, d’ of degrees 5, ° € T respectively combine by the 
usual bracket (< >) and 


<d, d'> = dd’ — « (8, 8’) dd for all d, d’ € D, -».(3.14) 
We finally have the following theorem. 


Theorem 4—All € derivations of the nondegenerate [GLA L are inner i. e. 


D = adL. ...(3.15) 
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PRoor: We first see that a/L is a I’ graded ideal of D. We note that for all /, 
meE lL, 


<D, adi> m = D <Il,m> — € (8, | 1 | )<1, Dm> = <DI,m> 
saloon 0) 
(using (3.13) and (3.14)). 
Now / > adl is a ! graded homomorphism of L into D with kernel, the center 
of L which is trivial as L is non-degenerate. Hence adL is a representation of Lin D 
so that adL has a nondegenerate Killing form K which is also the restriction of the 
Killing form K’ of D to adL as adL is an ideal of D*. 


If adL! be the orthogonal complement of adL with respect to K’, then the non- 
degeneracy of K ensure thatadL () adL/is zero. It also means that N = <adL, 
adL:> = 0 for both adLand adL! are [' graded ideals and N is contained in both 
adL andadL!. Ifd€ adL!, then0 = <d, adl> = addl for all / € L from which 
d| = 0 for all / © L, hence d = 0. Thus adL! = 0 which immediately implies that 
adL = D. 


4. COHOMOLOGY OF NONDEGENERATE [GLA : 


In this section, we generalize the definition of coboundary operator’® by consi- 
dering mappings f: g ® g ... ® g ~ V of arbitrary degree P, P € [', Vis a é module 
of g and f (Xi, tery X1, Xi41 oa Xn) =—— ( | Xt | ’ | X41 | FX, eey (Xi41, Xi, see X,) 


metal) 
foralra:, ak CP 


| X; | being the degree of X; € g. 
In subsequent discussions, we suppress the subscript P in f. Our generalized coboundary 


operator takes the form 


n+1 ‘LI 
& f (X;, oy Xngt) = B (= Dre CE ide) e( =| Xl, |X|) 


A = 

BX Ky kt oy Xen) +E (= DM (2 a1 es ea. AB. 
i<j= k=l 

x eC E LX LL KL CX Lo MDS (SM Xp p00 Mt o 


A 


AN aX ssi) (4.2) 
j— hs; 

The notation « ( = |X, |, | X: |) will be shortened to « (—/ ) 
k=1 


for all elements X, € g to which special attention is not being drawn in the text. « 

A . . . 
(| X,1, | Xi |) will be written as « (/’, i’). X;, means that X; is to be omitted in 
Sf (%, Pare Xn) 
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The analysis made in the earlier sections allows us to compute the cohomology of 
a wide class of finite dimensional representations of nondegenerate [GLA’s. Our re- 
sults are stated in the following generalisation of Whitehead’s lemmas 


Theorem 5—Given a nondegenerate [GLA g over a commutative field F of cha- 
racteristic zero, and ¢: g > EndV. Let V be a finite dimensional module of g 


(1) If (C,) is invertible, H” (g, V) = 0, for all n > 0; 
? 


(2) If ¢(X) vg = 0 forall ¥ € g, ve € Ve, B E I, then H,, (g,V) = 0. 


PRoor : We introduce the notation 


9) pete TV esa eso fe Aly fer eg ep 
Iff€ Z,. (g, V), then 


o" f (Xy, <4, Xeqa) = Ofor-all Xi, ... X,5y EB: 


(1) 9 (C,} is invertible. Let ¥, = /*, /* being a member of the dual basis [see eq. 
(3.1)] of g, Then (4.3) implies (not including | /* | in «(—J’) of g). 


eC If |, a) $ (l*) f (X15... Xn) 
+E (Me CUS Me aul (—1) 46%) 


A 
SD dee ae VEE RD 


PSEA 8 (EP) f Ce ke ee] 


+8 (—1)'* (Ne (—) (Se Q@uits) ” 


j=1 
A A 
x 4A (a) @ 5 oF = sees X1, sees X;, vee Xe) = 0, --.(4.4) 


We operate with 2 E(|/]|, at) K (lx, Ip) ¢ (/®) and obtain, dropping summation 
symbols «, 8 over the dummy indices a, B, using (3.3b) and simplifying 


K (Ix, Ia) $ (1%) (I*) f (X1, ..., Xq) 


“ls 2 (—1)! € (—i’) ( lf | wh elt » %2) K (Ix, Ip) 


x $(X) $ (I) £(I%,..., X, «.. X,) 
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+E (—Me(-HMeCI SLM eGuide (ISI, 2) 
x K (Ix, Ia) <¢ (18) ¢ (Xi) > f (* a ie '¢)) 
+ 2 (Ute (=I) (11, a4) K (lay fe) $ (19) f (<I, Xi>.. 
x XX) 


Pe eyes Sena (7) EGitye Cire 


i<j=1 


x K (In, In) (18) f (1%, <Xiy Xp>y vaesXigeeny Xy ce Xqar) 
ei! 4.5) 


The third and fourth terms may be written as 


EB (—1 (ie (If! , a) € (4415 i) K (les Ia) <9 (0), 


had | 
x 6 (IP)> f (I, wan Xi... Xp) 
+ 3 (Uitte (=i) e (1S 1 5 a2) € (ar) K (ley 10) 90%) 
MBs UA Lo tee gimees Xi, Xe) 


= SF (Htc ie | Fs Me(ifloate) K (lay Io) LB $I) f U8. pX1..-Xq) 


+2 (—)*2 ee (— Je (1S |, a2) € (ar, i’) K (Ju, In) 6 (1°) 


Se Lear rey XX) (4.6) 

where, 
<X, 18> = LET ..(4.7a) 
...(47b) 


<Xi,la> = Mg /e- 


Using (3.3a) and noting that « = Y2 + 7’, Bs = Ps tT, 


we get 
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Dy (- Ife (tC CIS 1,8 + a) €(P, +i’, i’) K (la, <X1, b>) 
qm5 


A 


Pa (DA anne CO) 


+ B(- (1) K(<Xp b>, WECF1, ei) 6 DIM 


A 


ee OPED ¢) K 
Substituting %). — Y2,P2 — 8, im the first term and noting that y, = — (P. + 


i’), we get 


E (=e (i) (1 Ss te + PIR (<Xn ly>, IB) + € Cox) K (hy 


A 
<Xi, b>) ¢ (DS (ah eH Xp) .. (4.8) 
which is zero by Theorem (lc). 


Putting ¢ (C2) = K (Ix, /e) ¢ (1) ¢ (I*), (4.5) reduces to 
f(Siy oe X= EB (HD (7 C1 F176 WDE CSIs 40 
XK (Ia, Ip) & (Cz) 6 (I) fF (8, Xn Xa 
$F (He (i, Me(— Me(— ECS, 
i<j=1 
K (lay In) (Cz?) 4 (9) f (IP) f (I) <XtpXy> oe Kip eves Xp XL 
(4.9) 

Identifying w (X,,...,X1, .. Xn) =e (| f |. %) K (las Ia) $ (Cz" ) o (UP) f (IP ... Yow) 


...(4.10) 


We find that for any (f (X,, ..., X,) there exists a linear mappingw:g@... g-V: 
f = &" w; for all n > 0, (n — 1) times 


when 3" f = 0. 
This proves the result. 


(2) ¢(X) vp = 0 forall ¥ g = > ¢ (C,) vg = O. 


To prove vide (g, V) = 0, we see that 


SEMISIMPLE I"-GRADED LIE ALGEBRAS 347 


of (X,, X,) = 0 > f(<X%, X,>) = 0 for all X,X,€E gfe Zs (g, V). 
By Theorem 3c, 


f(X) = 0 = $(X) vz for all ¥ € g, vg EC Vz, BE TL. 
Hence 


H’, (g, V) = 0. 


This completes the proof. The results of our analysis apply to all nondegenerate 
I'GLA, e.g. Zs @ Z;, graded algebras (discussed in Ref. 5) and all Lie superalgebras. 
In passing, we mention that for the orthosymplectic sequence of semisimple GLA, 
Whithead’s lemmas hold i. e. 


H’, (o, ¥) = .0,(n = 1,2). ... (4.11) 


5. APPLICATIONS OF THE COHOMOLOGY 


The two major applications of the cohomology that we discuss below are : 
(a) Extensions of.algebras by Abelian ideals. 
(b) Reducibility of representations. 


(a) Extensions of Algebras by Abelian Ideals—This was discussed in sufficient 
details in Mitra and Tripathy’®. The only additional remark we wish to make here is 
that for the class of [ graded Abelian ideals A which forma representation of semi- 
simple [GLA of such that ¢ (C,) is invertible, the extension of g by A is trivially 
accomplished by the semidirect sum. 


(b) Reducibility of Representations—One of the most fundamental theorems in the 
theory of semisimple Lie Algebras is the theorem of H. Weyl which asserts that every 
finite dimensional representation V of the semisimple Lie Algebra g is semisimple i. e. 
has the property that every g invariant submodule Wof V hasag invariant comple- 
ment W, so that it is completely reducible and the study of a representation of a semi- 
simple LA reduces to the study of its irreducible representations. In what follows, 
we formulate the generalised Weyl’s reducibility theorem for nondegenerate TGLA 
drawing freely from Jacobson’* and Vardarajan”’. 


Theorem 6—Let g be a [GLA over a commutative field #, Then all finite di- 


mensional ¢ modules V of g are semisimple if tbs (g, F) = 0, 


where F and « are defined in eqn. (5.4) and (5.6) respectively. 


Proor: Let WbeaTI graded submodule of V invariant under g so that 0 ~ W 
+~V. Weselect a [graded subspace W of V complementary to W. If A is any projec- 
tion of V onto Wi. e. 
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A=A rat.) 
A [we] = we for all we © Wea ...(5.1b) 
A [we] = 0 for all We EWe, BE P. mC pelc) 


It follows trivially that A is [ homogeneous of degree zero. We now use the 
following lemma : 


Lemma 5—W is invariant under ¢, if and only if 
<A, ¢ (X)> = 0 for all X € g. »se(5.2) 


Proor : Let vs = (wa + @e) for all 8 € LY. 


Then, 
wv XE g, Ad (X) vp = Ad (X) (wa + Bp) 
= > (X)we + Ad (X) wp 
and 
$(X) Avg = ¢(X) we. 
Hence 


<A, 6(X)> vp = Ad (X) wp 3) 
Let ¢ (X) ge Wix148, i. e. @ is invariant under g. 
Then the right-hand side of (5.3) is zero, implying that 

<A,¢(X)> = OforallB E T,X E g. 
Conversely, from (5.3) using <A, ¢ (X) > 0, we find that 

¢ (X) ®. © Wisi,x for alla, |X| ET, @ € We 


proving the lemma. 


A Se eee aps projections B of degree zero of V onto W may not satisfy 
- ; eee ust modify the equation in order to be able to construct a I homoge- 
ous projection of degree zero A’, satisfying the same. To this end, we introduce th 
vector space F of all endomorphisms of V: C € F, C(V] C W, C Ww] = {0} (5 4) 


S; : 

Poi + W =< J, it follows that an endomorphism 4’ of V is a . homogeneous 
proj : ion of degree zero of V onto W ifand only if it is of the form (B—C) for a 
suitable I’ homogeneous C € Fof degree zero such that 


<¢ (X), B> = <¢ (X), C> for all X¥ € g. ...(5.5) 
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It follows from the definition of F that if D € F, then for any endomorphism L of V that 
leaves W invariant, both LD and DL belong to F. In particular, if we set 


6 (X) D = <¢(X), D> forall YE g,DEF (5.6) 


Then oc (X): D +o (X) Dis an endomorphism of F for all XY € g. We may verify 
trivially that o is a representation for 


<o(X),o(Y) > D= <¢(X), SA) Doe C [X,Y 1) 

x <¢(¥), <¢(X), D>> 
<<¢(X), ¢(Y) >, D> = <¢ (<X, Y>), D> 
o(<X,Y>)0 


I 


I 


(by the € Jacobi identity). 


On the other hand, it follows from the relations 

Bwe = we for allwe © We,8 ET. 45.78) 

Bvg & Ws for all vg € Va, ...(5.7b) 

that for any ¥ € g, <¢(X), B> is an element of F. Let 

0 (X) = <¢(X), B> for all X¥ € g. ...(5.8) 
This 6 is a linear map of g in F. We now calculate dg. We have for all ¥, Y € g. 

do (X,Y) = < $(X), <@(Y), B>> —«(X|,1Y| > <4(¥), 

<¢(X), B>> — <¢(<X, YD), B> = 0. 


Hence 
9€ Z. (g,F), If Hi (g, F) = 0 (5.9) 


3D € F: 0(X) = (X) Dforall X¥ € g. ...(5.10) 
D being I’ homogeneous of degree zero as may be seen from (5.7) and (5.8). 


Thus <¢4(X), B > = < ¢(X), D > for all X € g. which is just (5.5). Hence the con- 
clusion 


We now see that all finite dimensional modules of the Osp (1 | 2p) sequence are 


reducible as H' (g, V) = 0 for all finite dimensional modules of the algebra by (4.11). 
? 


We thus reproduce part of the results of the Hochschild Djokovic Theorem’. i.e. the 
Osp (1 | 2p) sequence is the only sequence of Lie superalgebras for which all finite 


dimensional modules are completely reducible. 
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Ss 


APPENDIX I 


Hy (g,V) = 0(n = 1, 2), for all finite dimensional modules of the orthosympletic 
Osp (1 | 2p). 


PROOF : For this sequence. 
P 
¢ (Cs) = — z= ve (Ve + 2p + 1 — 2a) .. (Al) 
ve being the eigenvalue of H. for the highest weight vector'® H, being an element of 
the Cartan subalgebra. From Kac?°, we see that 
Vo = 2p, p S VAs 
It is easy to see that if 


% (Cz) = 0, ve = 0 for all « = 1, ..., p 
hence, 


¢ (X) vp = O for all XE g,vpE Vea, BET. (A2) 
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Hence, when Case(1) of Theorm 5 does not apply, Case (2) does, and it follows 
that Hy (g, V) = 0 for all finite dimensional modules V of g. 


We now show that H _ (g, V) = 0, g being a member of the orthosymplectic sequence 
and V a finite dimensional module of g. 


Iff € Z, (g, V), then, f = fo + fi, (A3) fo and f; being defined on Vo and VY; 
respectively. 


Vo is the submodule of V on which (A2) holds and 
V, the submodule of V on which ¢ (C.) is invertible. 


Both subspaces are invariant under g and have on element in common except 0, also 
span V, hence V, = Vp ® V,. In considering f, : g @ g > V,, ¢ (C,) is invertible on 
V, and Theorem 5 applies. In considering fo: g @ g > Vy, we see that (A2) applies 


on Vo. Then if fy € Zi (g, Vo), 


&* fo (X,, Xo, Xa) = 0 
=> fo(<X,, X2>, Xs) + € (1 Xi 1,1 X21 + 1X31) fo (<X2, X3>, 
X,) —€( 1 X21,1 X31 fo (< Xi, X3>, X, = 0. ...(A4) 


Let & denote the I" graded vector spacs of linear mappings of g into Vy. We make this 
into a g module by defining for A € 2, X,, X. € g. 


$(X%1) A(X) = —€(1X%1,[ 41) 4 (<u, %>). .-.(A5) 


This satisfies the module conditions given in Jacobson’® (Chapter 1) which admit of the 
following generalization : 


(1) [¢ (X%,) + ¢(%)] 4 (X) = ¢ (X%) A(X) + 6 (2) A(X) 
(2) af (X,) A(X) = $ (2X) A (X) = 6 (XM) AX) 
(3) $(<X,, X,>) A(X) = $(%) 9 (%) A(X) — € 1M 1 1) 
¢ (X2) $ (M1) A (X) 
For all X,, X. € g, « © F, a commutative field. 
For each X; € g, we define an element Ax, € % as the mapping Az, (X;) = fo (X1,%)) 
g£@g—7>Vo. 


Then X; > Ax, is a linear mapping of g into 2 and 


X1) = fo <X., X3>, X31) .. (A6) 
A ae oe 1) = fo os 43 1 
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—«(|Al, | Xa1) «(| X21, | Xs 1) ¢ (Xs), (X%) 


= fo (X2, <X;3, Xi>) ...(A7) 
«(| Al, | X21) ¢ (X2) Ax, (%) = — ¢ (| X21, | Xs |) 
x ho (Xs, <Xo, be 9} ...(A8) 


By (A4-A8), A <X2,X3> (%1) = €(| 4], | X2 |) 6 (X2) Ax, (%) 
—e(|X.|,1X%sleCl Al, | X31) > (Xs) Ax, (%). 
Hence, 


Ax, € Z}(g, x). 


As H, (g, 2) = 0 for all finite dimensional modules % of g, then there exists 


P:g> Vo: 
Ax, (X%) =€(]P 1,1 X%1)¢ (X) P(X) 


> f (%, X;) = —— (=< Ag > ad 


proving the result for V,. 


Hence A: (g,V) = Be (g, V) = 0 for all finite dimensional modules V of the ortho- 
symplectic sepuence Osp(1 | 2p). 
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In this paper, the authors prove a theorem on (N, Pp, g) summability of Jocobi 
series at the point x =1. 


§l. Let {p,} be a sequence such that pp > 0, p, > 0,n > 0, P, == Poa mo 
-0 
as n > co and 
rite ONS Py Sy > S whenn — co 
k=0 
then we say that {S,} is summable by Riesz means and we write* 


S, > S(N, pr) (id) 


co 
where {S,} is the sequence of nth partial sums of the series 269) If 


Clear Paty: Pe Sn-k > S when n > ce, 


k=0 
then we say that {S,} is summable by Norlund means and we write*® 


S,, ci S (N, Pad 
Let p denotes the sequence {p,}, p-1 = 0. We use similar notations with other 
letters in place of p. Given two sequences p and q. the convolution p * q is defined by 


(P*4), = z Pn-k Tk PACES) 
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It is familiar and can be easily verified, that the operation of convolution is commuta- 
tive and associative and 


(p* 1), = Px, where 1 denotes the sequence {1}. 
k=0 


For any sequeece [S,}, we write 


1 n 
si — € - a) > Pa-k qk Sx cov 104) 
k=O 


Definition—Generalized Noérlund Summability (N, p, g) —If(p* 9), #~ Ofor all n, 
then the generalized Norlund transform ((N, p,q) transform) of the sequence {S,} is the 


sequence {t?'}, If 1°4 _, S as n — oo, then the sequence {S,} is said to be summable 
by generalized Nérlund method (N, p, g) to S and is denoted by? 
S, > S(N, p, 9). ...(1.5) 
Two important particular cases of (N, p, g) means are 
(i) (N, p,) mean when q, = | for all n 
(ii) (NV, q,) mean when p, = | for all n. 


The necessary and sufficient conditions for a (N, p, q) method to be regular are 


> | Prk Qe | = O( 1 (p* qhal) 
p,,0 


and 


Pn-k = (1 (P* Q)n!), 


as n —> oo, for every fixed k > 0, for which gq, + 0. 


§2. Let f (x) be defined in the closed interval {[— 1, 1] such that the function 


(1 —x)* (1 + x)? f(x) © L[— 1,1], ees ee ee series corres- 
ponding to this function is 


fn By a, P™*) (x) 21) 


n=0 


where 


q, = nta+ 6+ )Tm+ NP m@+a4+8+1) 
aba Pint atiNra+pt+d 
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1 

x | (1 — x)® (1 + x)® f(x) per (x) dx B(ze2) 
== 

and po? (x) are the well-known Jacobi polynomials. 


We write 


F (¢) = { f (cos ¢) — A} (sin 4 )?=*2 (cos )28+2, sone) 


[A] denotes the integral part of A and P (1/¢) = Pt/¢}. 


§3. Quite a good amount of work in the ordinary Nérlund summability of Jacobi 
series at the point x = 1 has been done during the last decade. None seems to have so 
for tackled the problem of (N, p, q) summability of Jacobi series atx = 1. In this note 


we attempt to establish a result on (N, p, g) summability of Jacobi series at x = 1, in 
the form of the following theorem. 


Theorem—Let {p,} be a non-negative, non-increasing sequence and {q,} be a non- 
negative, non-decreasing sequence such that 


ey ees (Pp * Mn 
x (log k) k**3/2 — o( Gn N@*1/2 ) pas. L) 
c is a fixed positive integer, 


and 


qn Pn = O (log n)(P * 4)n)- e(ac2) 


If 


F, (t) 


\| 


j | F() | dé = 0 (t?**4flog (1/t)) as t > 0 (3.3) 


then the Jacobi series (2.1) is summable (N, p, 7) to the sum A, provided that — 3< « 
< 4, -—- 4 < 6 and the antipole condition 


f (1 + x)8-*-D?? | f(x) | dx < o ...(3.4) 


b fixed, is satisfied. 


Note : (i) For qa = 1 for ail n, our theorem reduces to the theorem of Gupta? 
which is as follows : 


Lheorem?—Let {p,} be a non-negative, non-increasing sequence such that 
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I te? . 
> eatige - (gat )> a being fixed 





k=a positive integer -+.(3.9) 
x &+1/2 

SS us wy se AER 
n=1 ¢ 


If (3.3) holds good then the series (2.1) is summable (N, p,) at the point x = 1 to the 
sum A. provided — } <a, < 3, 8 > — 4 and the antipole condition 


TLE xR | f(x) | dx <0, GD 


b fixed, is satisfied. 


It is to be noted that we do not assume (3.6). Also (3.4) is a weaker condition 
than (3.7), (3.2) is automatically satisfied if g, = 1 for all n. 


(ii) (a) If q, = 1 for alln, p, = AX’, 8 >0,3 >a + 8 


(b) Or, if p, = 1 for all m and sequence {g,} is such that for all sufficiently large 
n, 


On (= ¥ qu) = exp {(log n)*}, n 0. 
=O 
For smaller n we define {¢,} to be a non-negative, non-decreasing sequence, all condi- 


tions of the theorem are satisfied. 


If we take {p,} and {q,} be two sequences satisfying the conditions of the theorem 
but which are such that 


(N, Pn) a? (N, P, q) : ...(3.8) 


then the theorem does not really give us anything since Gupta’s theorem shows that the 
Jacobi saries is summable (N,p,) and by (3.8) this gives us that it is summable (J, p, q). 
It is obvious that (3.8) holds in the example (a). 


So we would like to show that it is possible for the conditions of our theorem to 
be satisfied, but (3.8) to be false. We will now prove that (b) is such an example. 
Let us write 


co 


p(z) = SS Pa 2,0) = = > Ca Zz", 


a=0 n=0 
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Let {f,} and u,} denote respectively the (N, p,) and (N, p, q) transforms of the sequence 
{S,}, Then 


» 
un, = Pn-k Qk Sk 
(PD * Q)n — 


n k 
> 
=e Pna-k qk Ck-m PA tm 
(Pp * Qk — > 


m=0 


= ota, Pate D Poe 
(RmiQieey ger ecAS Eoin fF 
mv k=m 
= > Xam oa say. --.(3.9) 
m=0 


In order that (3.8) should hold, it is necessary and sufficient that the transforma- 
tion (3.9) should be regular. For this, it is necessary that 


Se] me = 0.01) 
9 


Or thus, it is necessary that 
Gen = O (1) 
in other words that 


Py dn = O((D* Q)n)- ...(3.10) 


Thus it is enough tO obtain an example in which the conditions of the theorem 
are satisfied but (3.10) is fake. For the purpose we use example (b). In example (b) 
(3.10) is fake, for we have 


Pn Qn = "Qn 

O (Q,) 

O (Pp * Q)n)- 
Also (3.2) and (3.1) holds good, for 


Tr 


l 


Py In = "Qn 

O (exp (log n)* (log n)) 
O (Q, log n) 

= O((p * 4), log n) 


\ 


\\ 
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and 
n 


« : Py o i 
aS atic en et! > RAT EE 


k=c oy: 


= o(4 n&tli2 ithe ) 
: log n 








— Qn = = # 
o( a )- 0) - O(p * qn). 


(iii) An exactly similar theorem may be stated for the point x = — 1. The 
usual modifications will have to be made between the parameters « and 8. 


$4. We require the following lemmas : 


Lemmes 1’ Ifa > — 1,8 > — 1, then asn > oo, 


P™") (cos 6) = O (n*), OS A < In (4.1) 
= O (n®), w—l1fnq0<n ...(4.2) 
= n-1/2 k (6) [cos (Ne +r) + rel ; 

In << 9< 0 — 1)n. ...(4.3) 
where 

k (¢) = a? (sin + er it |: (cos-£ yeas 

Non+ STESN pe + Dal 

Lemma 2—The antipole condition (3.4) implies that 
| | F (#) | (cos $ y*P-1 dp < 00,0 <3 <w, (4.4) 
5 


ProoF : Following Gupta? (Or putting x = cos ¢ in (3.4)), we can easily establish 
the lemma. 


Lemma 3—The condition (3.1) implies that 
In M°*1/? = 0 ((p* g)n) 


.+ (4,5) 
PROOF : Following Pandey® we can easily establish the lemma. 
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Lemma 4—If {p,} is a non-negative, non-increasing sequence than for large n, 
uniformly inO<¢<7,0 f€a<b€n, 


| Ep cos {(n — k + p)d — 7} (a — KH] = O (n™P? P (1/4) 


(4.6) 
where 
we en See? bad pets % 
P= Jitah Pa hee ies ,) 57>? 1/2. 
Lemma S— If {p,} is a non-negative, non-increasing sequence and {q,} is a non- 
negative non-decreasing sequence then 


Pn Qn_ - (4.7 
oo <(p* Wn (4.7) 





Proor : We have 


(P * Qn — Pn Qnl(n + 1) == qk (Pak — Pp|(n + 1)). 


The sum of coefficients of gx (where kK = 0, 1, 2, ...) onthe R. H. S. of the above equ- 
ation is 0. For fixed n, the coefficients are non-decreasing with k. So for a given n, the 
coefficients must be all < 0 upto a certain point and all positive beyond that point. Let 
ky be the greatest value of k for which the cyefficient is < O, where ky depends on 
n. Ifk < k, then 


P,, 
io er a vee 
Pa-k n ae 1] 0 
and 
qk < qk, by difinition of {q,}. 
Hence 





Py P, 
qk (P.-1 a aPer ) = ky (p.-+ oe coer ae ay . 
If k > ko, we have 


P 


ee a 0. 
Pn-k n-+1 a 


and 
Gk A ko: 


Hence, once again we have 


P; Pr ) 
AC gear ) > ay ( Pet - n+ 1 : 
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360 
Therefore 
n OQ, Eas : no n ) 
(2.42 Da Gace ar (Prot n+ 1 
k=0 
= aby >, (Pot eG ) 
k=0 
= 0 


which proves the result. 


Lemma 6—Under the hypothesis of theorem 


= qy VF = O (q, n*-*") ...(4.8) 
v=0 

Proop : We have 
Q, n®-1 — Qa (n — 1-M2 = gy nt? — yy (nt — DR net}, 


But since {q,} is non-decreasing 
On-1 < Qn < (n + 1) Qs. 
Also 
(n — 1)8 — ne WS (4 — a) nt 32? 


Let d be any constant chosen so that } — « < d < 1, then for sufficiently 
large n, say for n > ng, we have Q,-1 {(n — 1)*-1/* —n*—1/?} < dq, n*-1/*, Therefore, 


Q, m1 — Oya (n — 14 > (1 — d) gy nt? 


Hence, summing we get 


. 


-3/2 1 
gy eB < eae an {O, ne3l? — On, — 1 (mp — 1)*71/} 
0 


v=" 


l ” 
a BIE nr Beane ...(a) 


But 
a =1 


0 


2 gv v®-i/2 — O (O,, n*-1/?) (b) 


vel 


since the L. H.S. is a constant and Q, n*-1/? + co 
n as n > co 
are done. : , adding (a) and (b) we 
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Lemma 7—Under the hypothesis of the theorem 
n—1 
2 Pk In-k (n — k)*P =O ((p*® gq) n*-/?). ---(4.9) 


Proor : Let M denote a constant, possibly different at each occurrence. For k 


< n/2. 
(n 22, he) ot Bet be < (4)*-1/2 n*-1/2—= Mn=-} [2 


So the contribution to the sum on the left of (4.9) of the range 0 < k € n/2 is 


Mn? 2 Pk In-k 
0<k<n/2 


Se Mont t3 2 De ak 
k=0 


= Mr! (p# g)y. 
For the part of the sum with k > n/2, we have 


P, re il Ey 
LESS ea, ares NT We ees TE Ui 


Thus the contribution of this part is 
deh a2 
ee a k % 1/2. 
< M n+ ie Qn-k (n ) 
n/2<kSn—1 


Now let m be the greatest integer with n — m > n/2. Then the sum is equal to 


m 


eat SS Aaa eS ot ser Q,{m*-1? (by Lemma 6) 
n ¥ 


v=1 


M 





Pn 2, n*-1/2 
n+ 1 


< Mn*"? (p* Qn 


<M 
(by Lemma 5) 


which proves the result. 


Lemma 8—Let 


9%+B+1 aap 
N (¢) = ERT > Pe In-k Anke P&*?™) (cos ¢) 


where pated 
a+1 


Q---B-I PD (n+ a+ 8 =2) _ 
M=Teepraret) ~ Pet 
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then, for} > « >—3, B>— 1 and if {p,}, {qn} satisfies the hypothesis of the theorem. 
N (¢) = O (n****) if 0 S% < IJn ...(4.10) 
= O (n*t8+1) ifam— ifn c¢gQ7 ... (4.11) 


-of-aemnre (am sy "(5 )y | 
+O [3p ( sin fy (cos -) Bes i. 


« — In. (4.12) 


IN 


] 
—< 
Ps ? 


Proof: For0 < ¢ < 1Jn, using (4.1) we get 


N (¢) = O[(p * q),’ S Pi Ga2k (2 — K)****] 


k=0 
= O (n®=**) 
If 7 —I)/n < 6 S72, using (4.2) we get (4.11). 
If 1/n < ¢ < 7 — 1)n, we have, with notation as in Lemma 4. 


— —a-3 /2 
n@= ooo x pa dan (nr — BHP sin $—) 


—B-1)2 
(cos +) ! | cos {(n — k) d+ Pd —r} + a=wun¢ 


Since, for fixed n, g,-r is non-increasing, we can deal with the first term on the right 
by first using the second mean value theorem and then applying Lemma 4. 


To deal with second term on the right we apply the result of Lemma 7, and this 
proves (4.12). 


§5. Proof of the theorem: Folling Obreckkoff* the nth partial sum of the series 
(2.1) at the point x = 1 is given by 


TT 


S, (1) = 2%+8+1 | ( sin) ike (cos = ie f (cos ¢) S‘ (1, cos ¢) 


0 


db 


where S}, (1, cos ¢) denotes the n-th partial sum of the series 
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P™®") (1) P&”) (cos $) 


m ae 
where 
beet © tb el) a(n ene a+s-+ 1), 
. 2A (in ta tl Cin t+ 6 + 1) 


Rao® has shown that 
S‘ (1, cos ¢) = A, je (cos ¢). 


Therefore 


S.()) — Ave 2678* 20, (sin > yen (cos + Ns {f(cos ¢)—A} 


pore (cos ¢) dé 


Tv 


= 2%+B+1 Ve [Fo purr (cos ¢) dh 


0 
where A, is defined as in Lemma 8. 


The (N, p, q) means of the series (2.1) at x = 1 is given by 


1 n 
Te rel 7a ts aS > Pk Un-k Sa-k (1) 
(p * q)n haw 


or 


aD 
Bera ee snk (Se (1) — 4} 
Se ei os aie te teat 


nw 


Fea 0) 
= | F@)N@) a BEC aay aioe | Faas 


0 


Since j F (¢) d¢ is a finite constant, by assumption, second term on the right is o (1) 


an n > oo. Hence in order to prove theorem we have to show that 


1 = j FG) N (4) db = 0(1) asn >. 
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Let us write 


& m-1/n w 
ee a eg i ee 
1/n & Tr-1(n 


=f, +h+/1, + Ig, say. 


where 5 is a suitable chosen constant. Now 


= if | F (¢) O (n+?) dp from (4.10) 





= O (n**+2) 0 (tee ) 
log n 


= 0(l), as n > c9, 


Coming to /2, we have 


& 
(anne \( LE@) | PCS) 
sf tamehe: ( (P* Dn ) garnpe 


1jn 


s 
F 
+0 (=ry| ee dg. 


1/n 
= T2,, + Inyo Say 
Given « > 0, let 5 be chosen so that 


eg?**2 x 
| Fi(@@)| < loz a) Oe 0: 


Then 


8 
Toa (6) Mt | | F (d) Pras} 


(P* Dn ocala oe 
1jn 
where MM is a positive constant, which may be different at each occurrence. Hence 


5 


& 
M Qn n&+1/2 F, ) P “4 
ee oor govar’ |-| A@) 


Pr 4/9) 
xd (  pGatsy a )} 


= Igs151 + /oy1,2 Say. 





1ljn aye 
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If M (8) denotes a constant depending on 5, we see that, for fixed 5. 


M (3) Gn N&+1/2 ( re ep ) 
Ea =O) ae a ee 
2101 (D* Dr ° \(p* gh log n 
= o(1) (by Lemma 3 and (3.2)) 
and 
- § 
Mag (rp Pt] ) 
Tos19 2 (p * Dn | log (1/«) a ( pit +3) /2 | 





1jn 


Me q, n**1/2 f x~ 22-2 


it btgeee 2 (2%+8) /2 
(Pp * Dn logan } 
18 


= an ho {c(20+8) /2 a. Pe 
P* GQ) me & 





+ (2a + 3)/2 -x@**9/I2 Pr x) dx] 
Me In n&=*1/2 i x~(2%+1) /2 Pp 
~  (P* Dr log x i 


~(20+3)/2 
+) (20'-F3)/2 | 55 SP isi dx] 
i]s 


tod /2 
- ere I + (20 + 3)/2K), say. 


Since Py has a jump of p, at x = k (and is elsewhere constant). 


Pr Ay: ' Pa t 
i > “(G70 Jog k where c is a fixed positive constan 


k="0 


n Py 
-0( KOOP jog k 


k= 


Also 
n-1 K+ 


x (2043) /2 
—__—__—— dx 
ea By ss | log x 
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n-1 


Pi 
are ae} 
keme-1 
Hence 
| Tostrg | < Me. from (3.1). 
Now 
| Ine | << Mane f | FG) |e” dg 
§ & 
= mei (M LF (9) poetry + Mf Fi ($) gee! dp) 
(The two M’s may be different) 
= Ip594, + Tes252, SAY. 
Therefore 
Toy951 = M (8) n*-1? + 0 (1) 
= o(1), asn > co 
and 
& 
%-3/2 
Plesay Me n* Ih a pean 
“lS dog ala 
= Me n&—1!2 | ache ateD dx 
log x 
118 
< Me because « < 1/2. 
Thus 


Ras Sup | /, | can be made arbitrarily small by choice of 5 and thus it is 


enough to prove that, having fixed 5, we have Jz > 0, J, > 0, as n > 9, Take, then, 
5 as fixed. Then 


Iz = O ( — it (¢) | (sin : eid: (cos =) ear 
&§ 


x P tg] do 
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10% 


oui ttn 14) | | F () | (sin +)" (cos $n ag 


& 


rast + T3505 say. 


fad, Nee 
Since (sin a? */? is bounded for 5 € $ < wand since Pl,jg] is bounded and — B 
—4>—8—a«a— 1. Wehave 








in = 0 (HE) Li rw i (om $M 
=o (a es ...(4.4) 
= 0(1) as n > ©9, by -+-(4.5) 


8, T-1/n 
We divide /3,, into { and J 
é &/ 


Given any «’ > 0 we can choose ©’ so that 


(cos $1 FI db <e. 
) 


T he contribution to /s, » of the range (5’, 7 — 1/n) is less than or equal a to constant 
times 


n®—112 qe F (¢) | (cos See dd 


&’ 


_ moet | F (¢) | (cos 4 pes (cos fy" dd 


$’ 
< Me’. 


d \s7/2, 1 \%-1/2 ‘ 
Since in the range considered (cos $5) is of ( my ) ) Thus the lim sup 


of the contribution of this range can be made arbitrarily small by choice of ¢’. So that 
it is enough to prove that for fixed 5’, the contribution of the range (5’, 5’) tends to 0. 


But for fixed 6’, 
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ff F ($) | (sin 2 )P* (0s 4 ye d 


& 


is a constant, so the contribution is 
0 (n®=* 7) > Op a -< 1/2: 


Finally 


Ie = Or) f | FCG) | db. 


—«x—B-1 
But n*t6+! = 0 ( (cos +) ) uniformly in z — 1/n <¢ < 7, whence it follows 


at once that J, — 0. 


This completes the proof of the theorem. 
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APPROXIMATION OF A FUNCTION BY THE F (a, q) 
TRANSFORM OF ITS FOURIER SERIES 


M. S. RANGACHARI AND S. A, Settu 
Ramanujan Institute, University of Madras, Madras 600005 
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Results on the order of approximation of a 27-periodic continuous function 
by the Euler or Taylor means of the sequence of partial sums of its Fourier 
series are extended to general class of F (a, q) transform of which these and 
other transforms known as Kreisverfahran are special cases. 


1. INTRODUCTION 


Let C [0, 27] denote the class of all continuous 27 periodic functions. If fE C 
[0, 27], «¢ denotes its modulus of continuity. Let the Fourier series associated with 
f € C0, 27] at x be 


ao/2 + : (a, cos nx + b, sin nx). At dB 
n=1 


As usual let us write 
dx (t)=4{(f(x +t +f —t) — 2f (x). rata) 
The kth partial sum s; (x) of the Fourier series is given by 


Sx (x) —f (x) = =| $20) sin (kK + 3) ¢t dt. aw ORS) 


x } sin 3f 
0 





The family F (a, 7) of summability methods was introduced by Meir®. An F (a, q)- 
transform of the sequence {sx (x)}, the sequence of partial sums of the Fourier series of 
f € C[0, 27] at x, is 


op (x) = 5p (4, 9, f, x) = a Ck (P) Sk (x), ck (p) = O (1.4) 


where, for g (q, k) defined by 
g (q, k) = Valnq exp {—aq7? (k — 9)"},4 > 0,9 = 9 (P) mts) 
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which is a positive non-decreasing function of a continuous or discrete parameter p, 
2 
which tends to infinity as p — oe, and for some fixed y, + <Y <3, 


ce (P) = 94) 1 + o(te=2l++) + 0( GE) 


q q 
...(1.6) 
as p —> co uniformly in k for | k —q\ <q’, while 
x (k + 1) cx (p) = O {exp (— 9*)} (1.7) 


| k—q | >4* 
as p > ce, for some positive number independent of p. 


The family F (a, g) is known’ to contain the summability methods of genera- 
lised Borel, Euler, Taylor, Se (defined explicitly later) and Valiron. Itis known® that 


So (= 1 O(a"). ...(1.8) 
k=0 


The summability methods of Euler, Taylor, Sa and Borel satisfy (1,8) in the stronger 
form 


St cet a, Lo) 


k=0 


In what follows » is a positive non-decreasing function such that 
« (t)/t?/? is non-increasing function of ¢ € [0, =]. ...(1.10) 
As a consequence of this condition (1.10) on », for A > 1, we get 
w (At) < yA o (t) (t > 0). CUT) 
In the sequel in order relations involving q it is to be understood that p > oo. 


Chui and Holland? proved that the order of approximation of functions in the 
class Lip « by either Euler-(E, 1) means or Taylor means of Fourier series can be re- 
reduced to Jackson order provided, in each case, a suitable integrability condition is 
imposed upon ¢x (ft). Xie® extended this result to Euler-(E, g)(qg > 0 means in the 
context of continuous 27 periodic functions Chui et al.* (p.373, Corollary 5.15) seem 
to have obtained the analogue of the above result for the Borel method, but the details 
do not seem to have been published. We append the details pertaining to the analogue 
for the Sa method in Thsorem2. We extend this result to the family F(a, q) in the 
context of the class Lip «, but with the restriction 0 < « < }. 


We prove the following results 


Theorem 1—Let n be the integral part of g = g(p). Stm=n+1. Lett fEC 
(0, 27] such that wy > wo, and satisfy the condition 
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me (1.12) 


uniformly in x. Then 


| 
(lore Sp (x) — f (x) | = o(o (= )) Aa fal 
where 
u(m) = m/m + 4, v(m) = [u (m)]", 0 < yn < 3. ..- (1.14) 


In view of (1.10), Theorem | immediately yields the 


Corollary—-If w (t) = t*%}0 << «ag 4andfe€ C (0, 27] such that wy < w and 
satisfy the condition (1.12) uniformly in x, then 


max | op (x) — f(x) | = O(m-*). Bd GHEY, 
0<x<2r 


This corollary with the restriction on « weakened to 0 < « < 1, is due to Chui 
and Holland! for the methods of Euler-(£, 1) and Taylor and due to Xie® for the 
method of Euler (E, q) (¢q > 0). The following Theorem 2 is the analogue of these re- 


sults for the method Sg (0 < 8 < 1) for which the transform a, = Se of the sequence 
{s,} is defined with 


ce (p) = (1 — BP (p + KV Gr OKs Diem ON 2,00: 


Theorem 2—Let f€ Lip«x,0 < «<1. Let Sp (p = 0, 1,2, ...) denote the 


pth Sg-mean of the Fourier series, 





If 
5(p) 
12 dE FPN oxy {3 78 (ef1—B)"} at 
a(p) 
=O(p™),  ...(1.16) 
where 
os 1+ 
a(p) = 72), bi) = la, ag <5 <b then 
max So (x) = f(x) | = O(p™). eicla) 


0<x<2" 
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2. PRELIMINARY RESULTS 


To prove the results in section 1 we need the following lemmas. 


Lemma 1—If gq = q (p) is an integer valued function of p, then, for 4 <y < 





2 

3 
we have 

t dx (t) . 

‘ee Ss & (q, k) sin (k + 4) tdt 

* |k—qi<qy 

A | a C exp (— qt?/4a) sin (q + 3) t dt 

0 


+ O (g*7!?. exp (— aq?7-)). 


see(2el) 
Proor : Following the proof of Lemma 3.2 of Ikeno4 we have 
= g (q, k) sin (k + 4) t dt 
|k—q | <q’ 


= exp (— qt*/4a) sin (q + 4)t 
+ Of | oy ‘ Valng exp (— ar?/q) | sin (r+ gq + 4)tl}, 
r>\q 


where r = k — g. Now we estimate the error term: 
x E Valrq exp (—ar?/q) | sin(r + q + }3)t | 
|r| >q% 


< ee Vajnq exp (—ar/q)(|r|+q+4)t 


= 2Vajnqt{ % rexp (—ar*/q) 
r>q’ 


+(q+%) & 


exp (— ar?/q)}. 
>qyY 


Now, for large gq, 


co 
= rexp (—ar%lq) < q¥ exp (—aq?7"1)+ Jf yexp (—ay*/q) dy 
r>q’ a 
oo 
{ e-? dz, 


ag??-} 
Using the fact that, for real 9 


= Ye pe | 2y-1 q 
q’ exp (—ag?¥} + Pe 


co 
J z® e-* dz = O(A® cA), as X > co 


...(2.2) 
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we get 


zr exp (— ar’/q) & q”’ exp (—agq??") + O (q exp (—aq?’-})). 
r>q 


Similarly, we can prove 


2 exp (—ar?/q) € exp (—aq*¥-1) + O (q'-” exp (—aq?¥")). 
r>q 


Thus 


p> J/al7q exp (—ar?/q) | sin(r + gq + 4)t |} 
[rli>q? 


= O (vq t exp (—ag?7-1)) + O(q?7!) t exp (—aq?7-)). 
Hence the lemma follows in view of boundedness of ¢x (t) and since sin ( s )> ( E ) 
(0<t< 7). 


Lemma 2—Let f € C [0, 27] such that wr < , where w is as in section 1, and 
let condition (1.12) be satisfied. Then 


T 


| ae exp (— mt?/4a) sin (m + 4) tdt =O (*). 
0 


Prooc : If u and v are as defined in (1.14) we write 





| a 9 exp (—mt?/4a) sin (m + 4) t dt 


u(™) v(m) wT 
bx (t)_ — 2 H eK at 

= (| + + \) in 1/2 exp (—mt*/4a) sin (m + 2) t 

0 u(m) vm) 
= J, + J, + Js, say. elas) 

Now 
u(m) 

| J, 1 <a" | oA exp (—mt?/4a) sin (m + })t | dt 


u(m) 


© (t) 
< “| ayo dm + a) td 





< #0 (u(m) = O(0- ). (2A) 
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Using (2.2) we estimate Js: 


\Jst' <a [ee exp (—mt*/4a) dt 


y(m) 


l 


Of rf 1/t exp (—mt*/4a) dt} 
v(m) 


= O ws €- "as } 
z 
my (m)}? 
4a 
= O {m®"" exp (— = mi-3")}, .+-(2.5) 


Now, for « > 0, A > 0, A and 4 any real constants we have 
m+ exp (—Am*) = O (m), P(2:6) 
Also, by the condition (1.10) on , 


] 

q72, m2 = O (w (—-)): PA GAYS 

Thus it is enough to show that 
1 
\J,| = 0 (o( — )). 
Since 
] 
cosec ft — aie O (t) 


with (1.10), we have 


v(m) 





J, = J 7a ° exp (—mt?/4a) sin (m + 4 t) dt 
“{_ds(t) 
x(t 
= 2 | —2= (0) exp (—mt?/4a) sin (m + 4) t dt 
u(m) 
v(m) 
t 2 
+ | $x (t) (cosec ead Son) exp (—mt?/4a) sin (m+}4)t dt 
u(m) 


(equation continued on p. 375) 
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(m) 


= 2 | bx ane exp (— mt?/4a) sin(m + 4) t dt + O(o =) 
u(m) 
Sri (ts (+), say. (2.8) 


We shall write J, as follows : 





v(™) 
= | & ex (0) exp (—mt?/4a) sin (m + 4) t dt 
u(m) 
v(m)—u(m) 
stealthy « eo exp (—m (t + u (m))/4a) 


x sin (m + 4)tdt 


v(m) 
= ee le exp (—mt?/4a) sin (m + 4) t dt 


u(m) 


v(m? 
px (t + u(m)) 
= | Pree ERS CN 


u(m) 


[exp (— mt?/4a) 


— exp (— m (t + u (m))?/4a)] sin (m + 4) t dt 


v(m) 
y bx (t + u (m)) exp (—m (t + u (m))* 4a) Ee 


u(m) 


oa sm | sin m + h) tt 


ulm) 
* | oem exp (—m (t + u (m))*/4a) sin (m + 4) t dt 


v(m) 


: — oe oe) exp (—m (t + u (m))’/4a) sin 


¥(m) —uu(m) 


(m+) td=eL+h+ih+h+ i. 
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By hypothesis 
1 
Fire (Git )). 2.9) 


By mean value theorem 
2 
exp (— mt?/4a) —exp (—m(t+u(m))*/4a) = 2u (nde exp (—m6?/4a) 
for some @ such that t < @ < ¢t + u(m) < 2t. Hence 
exp (—mt*/4a) —exp (—m (t + u(m))?/4a) = O (t exp (—mt?/4a)). 


Thus 
v(m 
Lies OF r | dx (t + u(m)) | exp — mt?/4a) dt}. 
u(m) 


By (1.10) and (1.11), we have 


v(m) 
14,1] =O {/mw (+ ) | tl? exp (—mt? /4a) dt} 
n(m) 
= O(w(—)). ...(2.10) 


Again, by (1.10) and (1.11) we have 





v(m) 
| Is | Su(m) Jey oan 
ui™ 
; v(m) 1 
= 0 {u(m)Vmw Gr | 7+ uam)y dt} 
] 
= O(@ ore )). end ie 
Also, 
u(m) 
BA ee | ere aes | sin (m + 3) dt 


2u(m) ) 
| t) | 
< | LEON mn + aye dt 

u(m) 
(equation continued on p. 377) 
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<(m + }) ie w (t) dt 


<S 7 w (2u(m)) = O(w(+-)). pes 58 WA 
Finally, 


v(m) 
| bx (t + u (m)) | 
lIs\< Maratea dt 


v(m)-u(m) 


v(")+u(m) 


| dx (t) | 
ek Ems at. 


v(m) 


By (1.10) and (1.11) we have 





v(™) + u(m) 
| Zs | = O(yMo(— | t7/2 dt}. 
v(m) 

But 

(mm) + u CMP — bmp = bmp fa + SEL" _ yh 

= 0{[u (mp *). 

Thus 

| s| =O(o(—-)), (2.13) 


Hence the lemma follows from (2.3) to (2.13). 
Lemma 3—Let 0 < 6 < 1,0 < t <7 and let P, 6, t and 6 satisfy 
Por’? = 1 — Be * .-.(2.14) 
aes. for p = 0,:1, 2, .:., 





@ lo-=E,i<ce (2.15) 





(i): ¢ = B ye < exy (—Apt*) ...(2.16) 
where C and A are positive constants depending on 8, and 


t 


(iii) ( 2 B \? — exp (4 pB( <5 )) = O(pt'). TT) 
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These results are known. For example, for (i) see Miracle? and for (ii) and (iii) see 


Forbes’. 
3. PROOF OF THE RESULTS 
Proof of Theorem 1—By (1.3), (1.4) and (1.8) we get 


cp (x) —f x) = Lf 2 DS cx (p) sink +) dr + OC”) 


7 
0 


See OE On) 
: | k—q | <q” |k—q|>q” 


x cy (p) sin (k + 3) t]dt + O (q3P) 


= Sy) + Si-O (772). = (GA) 
We first estimate S: : 
peo S 
S, | < |——— 
|S.) < J* cx (p) (RH) t dt aS} 
: |k—q| >q” 


= O (exp (—q*)) (by (1.7)). 
Using (1.6), S, can be written as follows : 


S,= ZI $x (t) > Beha s {i +o( 'S=al+2 ) 


7 sin 31 q 
0 
| k—q| <q” 








+ o( Le bane bt dt 


— S3 + S, + Ss, say. see(3:5) 


We estimate S, and S; by splitting the integral into two parts and using condition 
(1.10) and properties of sine function. 


ld ae ac 
—q|<4 
x sin (kK + 4) tdt 


(equation continued on p. 379) 
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1lq 


=0f[ leo! SS g(q,k 0 (1A=a1 +1 ) 


|k—q| <q” 


x(1k-gl tat Hach 


+of { 10 Sic jee 





ad | k—q | <q? 
art 
=O} v4 (i (1th of [Lec dt } 
3 1a 
= o(v(—)). (3.4) 
Similarly, 
[Ss | = O(w (=). ...(3.5) 


Since m = m(p) is an integer valued function of p, by Lemmas | and 2 we have 


1 2 x(t 
7 | 0 SS g (m, k) sin (m + 4) t dt 
: | k—m | <m” 








- i | ee O exp (—mt?/4a) sin (m + 4) t dt 


+ O m'!?-Y exp (—am?Y-")) 
1 
= O(a = a): ...(3.6) 
Now we shall estimate the difference : 


| ea) my g (q, k) sin (k + 4) t dt 


| k—q | <q” 
(equation continued on p. 380) 
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( px (t) sy; re 
ie {=o S g (m, k) sin(k + 4)t 
: | k-—m|<m” 


= [2 S © @H -g(m, b) sink + Yat 


sin 4 ¢ 
: m<k<m+m” 





+{ ex () SS (g (q,k) —g (m,k)) sin (k +4) t dt 


sin 3f 
m—m*<k<m 





( bs (1) 
z | sin } ¢ > g(q, k) sin (k+4) t dt 


q+q’ <k<m+m” 


t | of > g(q, k) sin (k + 3) tdt 


9 q—q’<k<m—m* 
= D, + Ds + Dy + Dy. O27) 
First, 
” 
Di<flO S$ eG wisin(k + Hel at 
: qtq’ <k<m+m”" 
= O {/q exp (aq?7-')}. ...(3.8) 
Similarly 
| Ds | = O {/q exp (—aq?7-})}. ...(3.9) 


Forg<m<k <m-+ ™m’ we have 
OS (k — mi/m < (k — QV q < (k —n)/Vn. 
Now (cf. Ikeno‘, p.259) 


|# (4, K)— 8 (mk) | = Ofg (mw) ( EOP [Romi | th 





m m 
...(3.10) 
Using (3.10) and the condition (1.10) on , we get 
T 1 bs (t) | s (k — m)? 
D =" (Q) Nise eS 
| D, | {\ , g (m, k) ( m2 
? m<k<m+m"* 


(equation contd. on p. 381) 
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it Aam| =) x |sin (k + 4)r | dr} 
1lm 
ales | i | gx (ot) | een EUR) ( (k aes 
+ rome Hl or) (Lk + m | bm 1) dt} 
n of| OS eet) ea 
a m<k<m-+m i 
peed + —, )ath 
1/m " 
=O {vm | dx (1) | ahs. 0} Al Le al 
= O(o( )). (3-11) 


Ifk<n<q<_™m, we have 
(k — m)[/m < (k — g)Vq < (k — n)V/n [0 
and (cf. Ikeno‘, p. 260) 


g(a.) — 2(m, |= Of{eo,m (Sa 4 eat, 1h 


n n 


Using this and arguing analogous to the estimation of D, we get 
] 
| Dz | = O(( )). hai?) 


Theorem 1 follows from (3.1) to (3.12) in view of (2.6) and (2.7). 
Proof of Theorem 2—With Pp and @ defined in (2.14) we have 


8 @) —f@)= 2h eels Sato (Zane 


m J) sin $t 


x sin (kK + 3) tdt 


1 és 1. —6)?"* 
~ +f bx (t) Im { e#” ar \ a 


a ) sin dt 





(equation continued on p. 282) 
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ae 
a(p) b(p) 7 
“Af + [+ Seem (F) 


x sin((p + 1) 6 + 3t) dt 
= X%1 + Xs + Xz. FARES, 
Now, using the fact that (1 — 8) < P as also lemma 3 (i), we have 
a(p) 
| %, | =0{ [te 1( t¢+ (p+ 1) (CHA + roa)) a \ 


0 


a(p) 
O{pj t* dt} 
0 


= O(p*). 


By applying Lemma 3 (ii) to X3 and arguing similar to the estimation of J; in Lemma 2, 
we get 


fig of (La=00 exp (—A (p +1) #?) ar} 


b(p) 


= of (ee exp (—A (p+ yr) at | 


5(p) 


I) 
° 


_ e du \ 
A(p+1)Lo(p),2 
= O {p> exp (—A p + 1) [b (p)}2)}} 
=O (p=%); 


%, can be estimated exactly like the ‘y,’ in the context of Taylor means treated by Chui 
and Holland’ (pp. 35-37). We omit the details. 
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This paper analyses the variation of pressure and load capacity with reference 
to load bearing human joints by introducing acontinuously varying porosity 
model for lower plate instead of usual uniform mono or multi-layered models 
studied so far. A micropolar fluid film is taken as a lubricant. By suitable 
choice of non-dimensional porosity variation parameter g; it is shown that 
trends of variations are fairly in agreement with those recorded in earlier 
investigations. 


NOTATION 
a = Characteristic length of bearing, 
6 = film thickness, 
By = initial film thickness, 
B = dimensional film thickness, 8/8, 
« = porosity parameter of variation 
«% == non-dimensional porosity parameter of variation, ax 


H = thickness of cartilage, 


Ky = porosity of cartilage, 
Ky = dimensionless porosity parameter, Ko/B5 


1 = (y/4yyr 
L= Boll 


N = coupling numher (x/(2u + x))'/2 
Pp = pressure in fluid film region 
p = 


non-dimentional pressure in fluid film region, 2p B, [pva?’, 
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u,v = velocity components in fluid film region, 
u,0 = velocity components in porous matrix, 
v= velocity of approach, 


W = load capacity, 


W = dimensionless load capacity 3W BF /uva®, 


xX = x-coordinate 
y =} y-coordinate 
# = Newtonian viscosity coefficient 


y,% = viscosity coefficient for micropolar fluid, 


y = Micro-rotation velocity. 


1. INTRODUCTION 


Within the last five decades sufficient thought has been given to the study of lu- 
brication mechanism in human joints but the recent studies have brought out a fairly 
clear picture of this process. The human joint may be visualised as a class of mecha- 
nical bearing because the fluid in the cavity between two mating bones is believed to act 
as lubricant. The human joints in this context may be described as a system consisting 
of two mating bones covered with cartilage with synovial fluid between them. Jones? 
observed that a fluid film region was predominant mode of lubrication mechanism. 
The studies of Ogston and Stanier? have brought out the visco-elastic character of the 
synovial fluid. Various types of lubrication mechanism are believed to occur in the 
human joints like hydrodynamic*, boundary*, weeping’ and mixed lubrication’. Dinten- 
fass? found that synovial fluid is non-Newtonian due to the presence of hyaluronic 
acid (a long chain polymer) molecules and its viscosity decreases with increasing shear 
rate. This view was experimentally supported by Bloch and Dintenfass*, Maroudas? 
and Dowson'®. Further more the studies of Dowson’ and Mow'' confirmed that the 
synovial fluid acts as lubricant. Eringen'* formulated the theory of micropolar fluids, 
which has been used by many authors under various physical situations. As the micro- 
polar fluid may be considered for polymers, it can be taken for the synovial fluid 


consisting a long chain polymers. 


Cartilage is basically a two-phase deformable porous material which can absorb 
or give out fluid owing to the established pressure gradient by either squeeze film action 
of the synovial fluid or consolidation of the solid matrix by tissue deformation. The 
studies of Clark'*, Torizilli and Mow'”® have pointed out that cartilage isa three 
layered porous medium consisting of a superficial tangential zone, a middle zone and 
a deep zone. Nigam et al.'® investigated the effect of the variation of porosity in the 
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upper most layer of the cartilage which according to them plays a predominant role in 
the self adjusting nature of the human joint, taking a three layered porous medium. 
Sinha!’ has considered the problem of lubrication of two approaching surfaces, one of 
which is covered with a layer of porous material and investigated the influence of poro- 
sity of the cartilage, film thickness, the thickness of the porous bad on axial pressure 
and load bearing capacity. He?® also investigated the influence of magnetic field on 
squeeze film lubrication with reference to human joints and noted that magnetotherapy 
can be of significant use in the treatment of diseases of human joints. Recently Tandon 
and Rakesh’® studied the lubrication mechanism occurring in knee joint replacement 
under restricted motion. 


In this paper, the superficial division of cartilage matrix into three distinct layers 
is replaced by a continuously varying porosity matrix. The proposed model assumes 
flow of a fluid in a porous matrix of continuously varying porosity with a squeeze 
film of a micropolar fluid between two approaching surfaces. The mathematical analysis 
of the problem has been done by taking the continuity of pressure and velocities at the 
inter-face of the fluid film and the porous layer. 


2. MATHEMATICAL FORMULATION 


Referring ‘to Fig. 1, the proposed model is conceived as a flow model Of a squeeze 
film lubrication between two approaching surfaces with micropolar fluid and flow of 


POROUS 
MATRIX 


« - 
Se ey e A 
Get gi er ele wae tet 
EL ee ne torent: 
Ue Pa 





RIGID 
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Fic. 1. Rectangular plate Model (synovial joint). 
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viscous fluid in a continuous porous matrix with variable porosity. The porous matrix 


is xed and upper surface is rigid and moves with uniform velocity Vin the negative 
direction of y-axis as shown in the Fig. 1. 
2.1 Fluid Film Region 


Following Eringen'? the field equations for micropolar fluid may be reduced to 
the following form, 





oy dv m? Op 
_ 3 — — — 
ay3 m ay Dox me GY 
02y ou 
Seat on ay sean 4 3 
0=y ay 2xv — X p (2) 
and equation of continuity is 
Ou ov 
eb dah aS 
pee ay 0 (3) 
where 


eee (<p 
a yee A VA 2nd) 





Palin = -ate oe. ifs - ( a jp 
n= ( i) and / ro : 


2.2. Porous Region 


Following Darcy’s law the flow of a viscous fluid in a pOrous matrix is governed 
by 


a= - = of ...(4) 
u 
ioe Te a an) 
B ay 
and equation of continuity is 
ou 00 6 
Phe — =e 0 
Ox = oy 
where 
K = Ko et he 


2.3. Boundary conditions for Fluid Film 


The boundary conditions is the fluid film region are 
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p=Oatx=+a f 
v= Oaty=0,y=86 | 
u=Oaty=6 | 
| 
| 
| 
| 


u=iaty=0 (7) 
v= dat y=0 
and 
v=Vaty=6 J 
2.4. Boundary Conditions for porous matrix 
The boundary condition for porous matrix are 
p=OQOatx=+a ...(8) 
and 
Op a: 
dy 0 aty ee Jp oh) 
2.5 Matching Condition 
On the interface, y = 0, 
p(x) = p (x, 0). ...(10) 


3. SOLUTIONS 


The geometry of the model and the frames of reference are shown in Fig. 1. In 
what follows the conventional assumptions of lubricant theory are assumed. 


3.1. Porous region 


The lubricant in the porous region is an incompresible Newtonian fluid. Using 
the value of @ and 2 from eqns. (4) and (5) in eqn. (6) we get 
27 25 y 3 
Op 4. of i ee, 


—¢ = 


Ox? oy? ox k (1D) 





Integrating eqn. (10) with respect to y over the porous matrix thickness H, we get 
op 8} op 
(2 a0 --H > t+on 2 ...(12) 
assuming that H is small. 
3.2. Fluid Film Region of eqn. (1) under boundary conditions v =0 at y = 0, 8, is 


GS 
inh ee {sinh m8 (8 — y) — sinh m8 + sinh my} 


is 1 dp 1 sinh my _ y\ 


2u dx | sinh m8 >-(13) 
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Substituting this value of v in equation (2), we get 


ous ap Dm sinh my dp 


oy w dx Qu sinh mB dx 


oe TAS 
sinh m8 {2 sinh mB — Dm sinh m (8 — y) — Dm sinh my} 








..-(14) 
where 
ee 2 _ ym 
m x 
Integrating eqn. (14) with respect to y, under boundary conditions we get 
y= 2 a _ Ky dp DB _dp (1 — cosh my) 
cian OX pb dx 2u dx sinh mB 
— Singh gnbes > sinh mB + D cosh m(B — y) — D cosh my 
— D (cosh mB — 1) pathoy 
where 
B dp,. ( phaks ) = 
eee qe {sinh m8 {| B a on ae D (cosh mB — 1) 
2 {D (cosh mB — 1) — B sinh mB} 
Integrating eqn (3) with respect to y we have 
é _~. k&f_ yd Ba 1 
= |= 2 { Hope ten yt. ...(16) 
J 
Substituting the value of from eqn. (15) in eqn. (16) we get 
d*p dp 17 
Gaede, eh 
where 
12 x H Ky 
ae Thee 2HK 6D m 
s {e+ 6K + 8 Oo 4 a —3D B coth mp | 
and 
AO 2 ee 
Oe 12HK 6D mB 
; Bh Bie idee agt 2 py DF oot > f- 


On solving eqn (17) under boundary conditions, we get 
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x_) 


exp (—4a —— 
_ boa i See el =} (18 
Ps? ee \- coth dqt cr. sinh a,a = APRS (18) 


3.3 Load 
The load carrying capacity of the joint is given by 


W = [ pdx 


aoe | a coth aa = wa } ; . esl) 


0 aoa 


4. NON-DIMENSIONALIZATION 


Using following non-dimensional parameter 

















a. 2 oe he 6 Pete Ky ry H 
= —_ => --— fe = ——» K, = ’ H = is 
* a ’ B Bo > 1 0 Bo? Bo 
3 3 
Poe gl? my PY: Mata te Borer hy 
The non-dimensional pressure distribution is given by 
p = ZY — cotn a + : < +e}. ...(20) 
a sinh a 
The non-dimensional load carrying capacity is 
a 4b f 1 - 
W = al ran coth a \ senhol) 
a 
where 
ate J 12 « HKy 
5 {a — , 12KeH, 12 _ 6NB NLS 
2 6 24 Kol 42 
B {6 + Ky + : + i ZT coth —=— } 
and 
be ee ee 
ees = 12 KoH 8 1B 
B {a + 6k + KH, 12 _ 6NB copy NEB} 


8 


MICROPOLAR FLUID 391 


5. DISCUSSION 


To bring out the effects of change of shape and size of micromolecules and the 
concentration on bearing characteristics by using micropolar fluid as lubricant (as a 
substitute of synovial fluid) in a conjunction with influence of the porous nature of the 
cartilage. The micropolar fluid involves two dimensionless parameters N and L. Which 
do not occur in Newtonian theory and are called coupling number and material cha- 
Tracteristic length respectively. In limiting cases as N > 0 or N —> oe, they consides 
with Newtonian cases provided p is replaced bp (uv + 43%). Also a large values of / and 
small values of By) give rise to increase the effective viscosity and this is in line with the 
experimental evidence of Hanniker*®. Consequently the number Z gives the influence 
of the shape and size of the suspended particles and N is a measure of the concentra- 
tion of suspended particles. 


Torzilli and Mow"! have given the following data of articular cartilage by 
considering a three layered model for the cartilage 


ist =3 x 10-1* cm‘/dyne — sec 

K —-13 4 

ad = 6 x 10-'* cm‘/dyne — sec 

Ks 2 

ale 9 x 10-!% cm‘/dyne — sec 
300 
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Fic. 2. Non dimensional axial pressure distribution for different values of shape and size index L. 
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H, = 200 microne, H, = 0.2 cm, Hs = 0.28 cm and » = | poise. 


Following Nigam et al.!* minimum film thickness By) = 10-* and upper surface porosity 
of the cartilage Ky) = 3x 10-7. We have by assuming continuous variation in the poro- 
sity of the cartilage taken H, + H, + Hs is 0.5 cm and have introduced a non-dimen- 
sional porosity parameter of variation % = 0.00022. Since exact data for quantities 
Nand LZ for synovial fluid isnot known we have chosen some values for these 
quantities. 


In Fig. 2 the variation of non-dimensional axial pressure f is shown for different 
values of shape and size index Litis obvious that as Z increases, axial pressure 
decreases i. e. when shape and size of hyaluronic acid molecules decreases, axial pres- 
sure also decreases. 

Figure 3 shows that as porosity at the interface increases, pressure decreases and 


this happens at a faster rate. The case of K, = 0 corresponds to the case of non- 


300 







ko=0 


200 Ko=3 X 107” 


ko=3X107° 0:00022 
0-5 
0-83666 
6-0 





ko=3X 10-> 


_ 


6 02 04 06 08 10 


x > 
Fic. 3. Non dimensional axial pressure distribution for different values of porosity of superficial 
tangential layer. 


porous cartilage for which the pressure is maximum. These results are in agreement 
with the observation of Prakash and Sinha??. 


In Fig. 4 the variation of non-dimensional load bearing capacity W with the 


film thickness @ for diffeaent values of the porosity of the interface is shown. It is 
noted that the increase of film thickness, decreases the load bearing capacity W and 
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Fic. 4. Variation of non dimensional load carrying capacity @ with film thickness 8 for different 
values of porosity Ko. 


the increase of interface porosity Kj, decreases WV. It is interesting to note that by 
choosing porosity parameter of variation « = .00022 we have obtained # and W which 
are in close agreement with those given by Nigam et al.4®. Thus exponential law of 
variation of porosity as assumed here is quite efficient to replace a three leyered porous 
matrix by a continuously varying porosity matrix. 
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The present paper is an improvement of the results of Gupta ef al.1 concern- 
ing bounds for the linear growth rate of a disturbance in rotatory hydromag- 
netic thermohaline convection problems of Veronis? and Stren’s? type. As 
a consequence, the results of Banerjee et al.4 for thermohaline convection 
and rotatory thermohaline convection problem and of Gupta et al.§ for hydro- 
ma gnetic thermohaline convection problem are also improved. 


1. INTRODUCTION 


The thermohaline convection problem has been extensively studied in the recent 
past under a variety of externally imposed force fields on account of its interesting com- 
plexities aS a double diffusive phenomenon as well asits direct relevance to many 
problems of practical interest in the fields of oceanography, astrophysics and chemical 
engineering etc. The derivation Of bounds for the linear growth rate of a disturbance 
in thermohaline convection problems is an important problem especially when the 
boundaries are rigid for in this case numerical solutions are most commonly used but 
they are also laborious. In this situation, derivation of certain integral estimates acquire 
great importance for they enable one to obtain sufficient conditions of stability and 
define a possible range of parameters for growing perturbations in case of instability®. 
Baneriee et a/.4 and Gupta et al.’, investigated in the recent past the thermohaline 
convection problems and derived bounds for the linear growth rate of an arbitrary 
oscillatory perturbation, neutral or unstable. However, in deriving these results, some 
positive definite integrals have been dropped and as a consequence some parameters of 
the problem which were there in the orginal equations do not occur in the resulting in- 
equalities. Therefore, by making use of suitable estimates for the dropped terms one 
could possibly derive results which would contain the dropped parameters and improve 
upon the results of Banerjee ef al. and Gupta et a/.!"5. The present paper is precisely 


in this direction. 


2. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS 


The governing nondimensjonal linearized perturbation equations for Veronis’ 
thermohaline configuration in the presence of a uniform vertical rotation and magnetic 


field are given by (Gupta et al.'): 
*Department of Mathematics, GGDSD College, Baijnath (H. P.) 





396 J. R. GUPTA AND M. B. KAUSHAL 


(D? — a*) (D* — a® — ©) W+Q D(D* — a')h, = Rra®e — Rs a 
iT OZ) 





(D?— a — pr) = —W, .-(2) 
(pt — at — 2) 0 = — aie 3) 
(Dp? — at — 2) h, = — DW +09) 
(D? - a — -2)Z= —QDX - DW (5) 
(Diee aise Ee Ne Cea . ...(6) 


with the boundary conditions 
W=0=0=0= DW=Z=h, = DX atz=Oandz=1 See 
(both the boundaries are rigid and perfectly conducting). 


In the above equations the vertical coordinate z has the rangeO <z< 1, D=d/d,, 
a? is the square of the wave number, p = p, + ip; is the complex growth rate, o is the 
thermal Prandtl number, Ar is the thermal Rayleigh number, Rs is the concentration 
Rayleigh number, Q isthe Chandrasekhar number, 7 is the Taylor number, + is the 
ratio of mass diffusivity to heat diffusivity, o, is the magnetic Prandtl number, W is the 
vertical velocity, Az is the vertical magnetic field, @ is the temperature, Mis the con- 
centration, Z is the vertical vorticity and X is the vertical current density. Further, the 
governing equations and the boundary conditions for Stern’s thermohaline configura- 
tion with a uniform vertical rotation and magnetic field are given by eqns. (1)—(7) with 
Rr < Oand Rs < 0, 


3. MATHEMATICAL ANALYSIS 


We prove the following theorems : 


- 


Theorem | Boat t (Pp, W, 0, ®, hy Z, X), P= Pr os ipi, Pr = 0 Pi = = 0, isa solution 
of eqns. (1) — (7) then 


(Pr + An*)P+ p? <a+ dP x ...(8) 
where 
P co : . 
A = min (t, ee, or min (t,o) according as o, > 1 or o, <1 respe- 
Ctively (9) 


R 
\ 


max | Rse, (Saver iey | ...(10) 
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B = Qo and C = To? (1 + Q)(1 + Ojn'), (11) 


Proor : Multiplying eqn. (1) by W* (the complex conjugate of W), integrating 
over the vertical range of z and proceeding as in Gupta et al.1, we have for p; + 0 


1 y a 
= [C1 DW | e408 ||) de + Re at | | 6 | Ade + S| xi tae 
0 0 


1 1 
= ae [C1 Die |# + a? |e | *9dz + Root [| | Pde 
0 0 


1 
a : | | Z| * dz. (12) 
0 


Multiplying eqns. (3) — (5) respectively by their complex conjugates, integrating over 
the range of z by parts repeatedly and utilizing the boundary conditions (7), we get 


[wana tact HELL 0] tae + 21 | De: 


0 Q 


1 
+ at |®|*)de= [|W | * dz (13) 


0 


| (D? — a*) hz | 2 dz + Lp ltet 14, | dz + 2Pro_ [ci Die 


SO Qn 


1 
Bet the |S) dz | | DW | 2dz (14) 


and 


pp — ay z[tde HEL [| 242404 (cipz 


0 0 


me 1) 


1 
$at|Z|*)dz= f|DW|? dz + Of | DX|*ae 


420 Re( J DX DW* dz) (15) 
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where ‘Re’ denotes the real part. 


Since p, > 0, it follows from eqns. (13) — (15) that 





1 1 1 
2 2), 
ae [1 o|tde + 9 | | Do | * dr < a jiwita 
0 0 0 


1 
Tp Daes a®) h; | 2dz < $ | DW| 2 dz 
0 





te | 1 1 
| p | o 2pra 
os [|e i? dz + P| | Dhy|* de < | | DW|* de 
0 0 0 


and 


1 i 1 
|p? | 2p, 
Leh | izitde + 22 | | pzitde<|\ DWI dz 
0 0 


1 
+ Q*§ | DX |*dz + 20 Re (| DY DW* dz). 
0 


By using the Rayleigh-Ritz inequality’, we have 


1 1 
frevas< =| 1D0|* dz 
0 0 


since ® (0) = 0 = ®(1). 
Similarly, 


i 


[Imltas F et | Dhe | 
: 


and 


} 1 
Jizita< + | i ozja:. 
TT 

0 


It now follows from inequalities (17), (18) and (19) that 


1 
| lo)ta < | W | 2dz 
0 


l 
(| p | ? +2p,7n?) | 
0 


...(16) 


7) 


eal? 


...(19) 


...(20) 


(21) 


...(22) 


S42) 
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1 





1 
2 
[1A ftde@ —— yas, (24) 
0 (ot | p | ae a 2proo,7?) 0 e 
and 
1 : 1 1 
Z\2 = 
| dz CP | *-F2p, on) [| ow it a+ 0° [| ox] +aes 
0 0 
1 
+ 20 Re (J DX DW* dz) } ...(2.5) 
Now, 


1 1 
[| De 18 + at he | Mz = —| he (D* = at) ht de 
0 


0 


< fl he] 1D? at) he* | dz 


1 1 
S{f lhe]? ae}? (f| Dt — a) hy | tape 
0 


which, upon using inequalities (17) and (24), yields 


1 1 
| (| Dh }7+ a? |h,|*)dz< (a aaa 
= ajiplt+ = | 3 
1 
...(26) 


Multiplying eqn. (16) by X*, integrating over the range of z by parts, utlizing the boun- 
dary conditions (7) and equating the real parts of the resulting equation, we get 


i 1 
[cl Dx (+ at x1 t+ P| x14 dz = Re (| x* Dz de) 
0 0 


= Re(— f ZDX*dz). (27) 
0 
Similarly, it follows from eqn. (5) that 


1 1 
[1 Dz? + at |Z 12+ 2 1Z1)dz = Re (|Z* DW dz 
0 0 


4+ Qj Z* DX dz) w+e(28) 
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Since p, > 0, it follows from equation (27) that 


1 1 
{.| DX | 2%4dz< fa ZT DAN az 
0 Q 


< {J |Zltazpr ff | DX | 2 dz" 
0 0 


or 
1 
(| DXi2dz<f|Zl%dz 
0 0 
from which 
1 1 
[px itdz< || Dz tas -..(29) 
0 0 


can be obtained by using the inequality (22). 
Now 


1 
f-2* DY dz ee ef ED Dads 
t 0 


which upon using eqn. (6) gives 
y | 


1 
Re (\Z* Dx dz) = =| (1 Dx 12 + at x18 + 2H 1X] 2)dz< 0 
0 0 

since pr > 0. ee 


Equation (28), together with p, > 0 and the ineqality (30) implies that 
1 1 
! | DZ \2dz < Re (f Z*DW dz) = Re(—J WDZ*dz) 
0 0 
1 
S J |W | DZ\ dz 
1 1 
S |W 14 dzPl{f | DZ |? dzpr 
0 
so that 
1 
| DZ 1? dz < { |W 2 dz 
0 


1 
] 
3 | | DW | * dz (Rayleigh-Ritz inequality). ito 


0 


< 
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Combining the inequalities (29) and (31), we have 





1 
[ipxitd: < 
0 


1 
ce | DW a G2) 
0 
Further, 


Re (j DX DW* dz) < §| DX\ | DW\ dz 
0 0 


<4] (1DX 12+ | DWI) az. ...(33) 


Inequality (25), together with inequalities (32) and (33) gives 


1 


| ole et liaad Aa Q/n") | | DW 12 dz. ..(34) 





Crp ser 2pron?) 
Equation (12), together with the integral estimates (23), (26) and (34), gives 


1 
Q _ Ts (1+) (14+ Q]n4) : 
rae  Dpentplt ~ “C1 pi ?-+2p, om") J) ior te 
{\e! + een t 


1 
1 Rs 2 
4 el - Spittal ]Jiwira 


1 P| 
+ Rrat | 1o1*de + TO" |i xitd: <0. ...(35) 
0 


0 


The inequality (35) clearly implies that if ¢, > 1, then 


either 
|p|? + 2p, tm < Rso, 
or eS 
2pro°m B+ JB +4C | 
Ec. er (Btve en ...(36) 


where B and C are as given by eqn. (11). 
on. 
Taking A = min (+, = ), it follows from (36) that 


B+ VB + ea) 
|p \ 24 2p, A 7 < max| Rs ¢, (2 =“ 
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(pr + An?)? + pi <a + A af, 4{39) 


where 


eer fei4. 
pemaeag eae 


Similarly, when o; < 1, we get from the inequality (35) that 


(Pr + Am?)? + pp <a + A* nf ...(38) 
where now A = min (rt, 9). 


This completes the proof of the theorem. 


Note : It is to be noted that in the absence of rotation (T = 0), A = min (Se i 
4¢ o, and in the absence of magnetic field (Q = 0),A = min (rt, 9). 


Theorem 1—(i) shows that the linear growth rate p (= p, + i p,) of an arbitrary 
oscillatory (p; ~ 0) perturbation, nautral (p; = 0) or unstable (p, > 0), for rotatory 
hydromagnetic Veronis’ thermohaline configuration, must lie inside a semicircle in the 
right half of the p, pi -plane, whose centre is (—A 7, 0) and (radius)? = « + A?* x4. (ii) 
It indicates the stabilizing effect of A since the semicircular region, in which the growth 
rate p lies, reduces with increasing values of A. (iii) It gives a more rigid limitation 
on the growth rate (see Fig. 1) than that given by the semicircular region 

"4/R2? + 4c \? 
|p|? pe max Reo, (FFE tS y | 
of Gupta et al.}. 


Special cases of Theorem 1—It follows from Theorem | that 


(i) for Veronis’ thermohaline configuration (VTC, Q = 0 = T) 


- 


(Pr + t2?)? + P; < Rs o + 1t?n4, 
(il) for rotatory VTC (OQ = 0) 


(pp + Any? + p? a+ dot 
where 


“* = max (Rs 6, To”) and A = min (ct, 9), 
(iii) for hydromagnetic VTC (T = 0) 


(Pr + An*)? + pi <a +A? at, 
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‘ 






SCAT) 


(AT +E , 0) 


Fic. 1. Shaded area shows the modified region in which the complex growth rate of an arbitrary 
oscillatory perturbation, neutral or unstable, for rotatory hydromagnetic Veronis’ thermo- 
haline configuration must lie. 


Note: «+ 22nt <(\/a + 2 w?)*, so that — An? + Va + A2x4 < Va, i.e. OA < OP. 
where 
; : a 
a = max (Rss, Q* o”) and A = min (+,——). 
1 


The above results give more rigid limitations on the linear growth rate of an arbitrary 
oscillatory perturbation, neutral or unstable, for VIC, rotatory VTC and hydromag- 
netic VTC than that given by the semicircular regions of Banerjee et al.“ and Gupta 
et al.5. 


Theorem 2—If (p, W, 6, , he, Z,X), P = Pr + i Ply Pr 2 0, p: #9, isa solu- 
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tion of eqns. (1) — (7) with Rr = Oand Rs < 0, then 


(pr + A n%)! + pi<a+a?at (39) 
where 

‘ee min (1, = or min (1, s) according as 9; > 1 oro; < 1 ...(40) 
respectively, 

Se max | Rria, (ae) ...(41) 


and B and C are as givenin Theorem 1. 


PROOF : Putting Rr = — | Rr | and Rs = — | Rs | in eqn. (12), we have 
1 1 1 
slow its atimydz+ ST 0 x12 ds 
0 0 


1 


1 
+1 Rs latlf 1 Ode = Oo | (Dh # + at | he 1 *) dz 
0 





Go 
0 


1 1 
+1 Relat [ialtd + 2] i zitae. (42) 
0 


0 


Using the integral estimates (26), (34) and 


1 


1 
ee eee 2 
ari cnet = | LW | dz (43) 


0 


1 
[leita < 
0 


which is derived in a manner similar to the derivation of (23), we get the result. 


Theorem 2—(i) shows that the complex growth rate p (= p, + i p;) of an arbi- 
trary Oscillatory perturbation, neutral or unstable, for rotatory hydromagnetic Stern’s 
thermohaline configuration, must lie inside a semicircle, in the right half of the 

f A A A 
Pr Pi-plane, whose centre is (— A 7, 0) and (radius)? = a + A? a4, (ii) It gives a more 
rigid limitation on the growth rate (see Fig. 2 which is essentially Fig. 1 with «, A 


A 
replaced by « and A respectively) then that given by the semicircular region 


ip\*=max | 1 rt o, (2tVE AC \") 





of Gupta et al.}, 
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Special cases of Theorem 2—It follows from Theorem 2 that 


(i) for Stern’s thermohaline configuration (STC, Q = 0 = T) 
(pp +) + pi <1 Rriot+n 
(ii) for rotatory STC (Q = 0) 


A A A 
(Pr + An*)? + P* < a+ A? wf, 
where 


A A 
a = max[| Rr | o, Jo*] and A = min (I, 9). 


(iii) for hydromagnetic STC (T = 0) 
A A A 
(p, + Am’)? + p? <a +t Ata! 
where 
A A 6 
2 = max[| Rr|o,Q? o?] and 4 = min (I, eeals 
1 


The above results give more rigid limitations on the linear growth rate of an arbitrary 
oscillatory perturbation, neutral or unstable, for STC, rotatory STC and hydromagnetic 
STC than those given by the semicircular regions of Banerjee et al.* and Gupta et al.®. 
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